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Abstract. Let A be a C°°-manifold and T*X its cotangent bundle. We construct a 
microlocalization functor fi x : D b (I(K x )) — + D b (I(K T . x )), where D b (I(Kjf)) denotes 
the bounded derived category of ind-sheaves of vector spaces on X over a field K. This 
functor satisfies RJCom(/ix(3 r ), fJ-x(5)) — fihom(3, S) for any J, S € D b (Kx), thus gen- 
eralizing the classical theory of microlocalization. Then we discuss the functoriality of 
fix- The main result is the existence of a microlocal convolution morphism 

MXxrpCi) o ^Yxz(3C 2 ) — > HXxz(3Ci o % 2 ) 
which is an isomorphism under suitable non-characteristic conditions on %\ and %2 ■ 



Contents 

Introduction 1 

1. Microlocal kernels 2 

1.1. Review on Ind-sheaves on manifolds 2 

1.2. Kernels attached to 1-forms 6 

1.3. Functorial Properties 10 

2. Microlocalization of ind-sheaves 19 

2.1. The kernel Kx of ind-microlocalization 19 

2.2. The link with \ihom and classical microlocalization 24 

2.3. Review on the microsupport of ind-sheaves 27 

2.4. Functorial properties of microlocalization 32 

2.5. Microlocal convolution of kernels 37 

2.6. A vanishing theorem for microlocal holomorphic functions 39 
References 39 



Introduction 

This paper is based on ideas of the authors M.K. and P.S. announced in [KS5] and 
developed in a preliminary manuscript of M.K. 

The idea of microlocalization goes back to M. Sato [S] in 1969 who invented the functor 
of microlocalization of sheaves (along a smooth submanifold of a real manifold) in order 
to analyze the singularities of hyperfunction solutions of systems of differential equations 
in the cotangent bundle. This microlocalization procedure then allowed Sato, Kashiwara 
and Kawai [SKK] to define functorially the sheaf of rings of microdifferential operators 
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on the cotangent bundle T*X of a complex manifold X, a sheaf whose direct image is the 
sheaf of differential operators on X. 

Then in the 80's, M.K. and P.S. (cf. [KS2], [KS3]) developed a microlocal theory of 
sheaves on a C°°- manifold X, based on the notion of microsupport (a conic involutive 
closed subset of the cotangent bundle to X) and introduced in particular the functor 
\ihom. This is roughly speaking a functor which associate to a pair of sheaves on X the 
sheaf of microlocal morphisms between them. 

On the other hand, the Riemann-Hilbert problem, solved by M.K., tells us that there 
is a one-to-one correspondence between the regular holonomic modules over the ring of 
differential operators and the perverse sheaves. The notion of regular holonomic modules 
over the ring of differential operators can be easily microlocalized to the notion of regular 
holonomic modules over the ring of microdifferential operators and it is a natural question 
to ask if there is a natural notion of microlocalization of perverse sheaves, or, more 
generally a functor \i of microlocalization for sheaves, the microsupport of a sheaf being 
the support of its microlocalization and the functor \ihom being the internal horn applied 
to the microlocalization. This is indeed what we do in this paper. 

As an application of the new functor /x, the author I.W. [W] has recently constructed 
the stack of microlocal perverse sheaves on a homogeneous symplectic manifold, after 
M.K. [K] had constructed the stack of microdifferential modules. 

The paper consists of two parts. The first part is the technical heart of the paper. We 
define kernels on a C°°-manifold X, attached to the data of a closed submanifold Z and 
a 1-form a vanishing on Z. Then we study its functorial properties. These kernels can 
be seen as "general" microlocalization kernels, though their only role in this paper is to 
provide us with the tools for the proofs of the functorial properties of /i. 

In the second part we introduce the functor /z, which is the integral transform with 
respect to the kernel Kt*x on T*X x T*X associated with the fundamental 1-form. We 
discuss the functorial properties of /z deduced from the corresponding properties of the 
kernels studied in the first part. We then show how some classical microlocal properties 
can be generalized to ind-sheaves. We give a comparison theorem between the micro- 
support of ind-sheaves 3 and the support of its microlocalization jj,(3 r ). 

As an application, we prove that, on a complex manifold X, \ihom induces a well-defined 
functor 

Hhom{*,Qx): D b (C x ) op — D b (£ x ), 

where 8.x is the ring of microdifferential operators. 

The authors would like to thank A. D'Agnolo for many helpful comments. 

1. Microlocal kernels 
In all this paper, IK denotes a field. 

1.1. Review on Ind-sheaves on manifolds. In this section we shall give a short 
overview on the theory of ind-sheaves of [KS1]. 

Let X be a locally compact topological space with finite cohomological dimension, 
Mod(Kx) the category of sheaves of K-vector spaces on X, and Mod c (IKx) its full sub- 
category of sheaves with compact supports. 

We denote by I(Kx) the category of ind-sheaves, which is by definition the category of 
ind-objects of Mod c (Kx). Then, I(Kx) is an abelian category, and its bounded derived 
category is denoted by D b (I(Kx)). 
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There is a fully faithful exact functor 

l x : Mod(K x ) -> l(K x ) given by F h-> "lim" i^, 

where the direct limit on the right is taken over the family of relatively compact open 
subsets U of X. In the sequel, we will regard Mod(IKx) as a full subcategory of I(Kx). 
The functor ix admits an exact left adjoint functor 

a x : 1(K X ) -> Mod(K x ), "lim" F< i-> limF*. 

Since ix is fully faithful, we have a x °tx - IdMod(K x )- 
The functor ax admits an exact fully faithful left adjoint 

/3 X : Mod(K x ) — I(K X ). 

Since flx is fully faithful, we get ax ° Px — IdMod(K x )- The functor (3x is less easy to 
define than ax and ix- However, for a locally closed subset S C X, 

K s :=Px(K s ) 

is described as follows. Let Z be a closed subset, then we have 

K z ~ "lim" ]%, 

where runs through the open subsets containing Z. If U C X is an open subset then 

K v ~"lim"K y , 

vccu 

where V runs through the family of relatively compact open subsets of U. If S C X is 
locally closed, then we can write S — Z C\U where U is open and Z is closed, and 

K s ~ Kt/ <g> K w ^ "lim" K ynTy . 

vccu,zcw 

Therefore IK yn pp — > K5 induces a morphism Kg — ► K5 which is not an isomorphism in 
general. 

Note that if Z is closed and S C Z is a locally closed subset, then 

K s (S)K Z ~ K s . 

The machinery of Grothendieck's six operations is also applied to this context. We 
have the functors: 

f~\f : D b (I(K y )) - D b (I(K x )), 

R/.,R/„ : D b (I(K x )) - D b (I(K y )), 

RWom : D b (I(K x )) op x D b (I(K x )) -> D + (I(K X )), 

® : D b (I(K x )) x D b (I(K x )) - D b (I(K x )), 

(here, / : X — > F is a continuous map) and we have the stack-theoretical horn 

RJCom: D b (I(K x )) op x D b (I(K x )) -> D+(K X ). 

Note that the functor RJJ{om sends D b (K x ) op x D b (I(K x )) to D b (I(K x )) and RXom 
sends D b (K x ) op x D b (I(K x )) to D b (K x ). 
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The inverse image functor f^ 1 is a left adjoint of the direct image functor R/*. The 
functor of direct image with proper support Rfu has a right adjoint functor f. Most 
formulas of sheaves have their counterpart in the theory of ind-sheaves, but some formulas 
are new. We shall not repeat them here and refer to [KS1]. As an example we state the 
following propositions: 

Proposition 1.1.1. Consider a cartesian square 

f 

9' 

X — Y 

Then we have canonical isomorphisms 

Rf„g'' 1 ~ g- 1 Rfu, Rf'J- ~ g- R/„ Rf'„/ ~ g- Rfu. 

Note that the last isomorphism has no counterpart in sheaf theory. 

Proposition 1.1.2. For a morphism f : X -> Y and for K G D b (K y ), ? G D b (I(K x )), 
we have 

Rfu RWomif^K, &) ~ RD:Kom(X, R/,,^) in D b (I(K y )), 

R/i R^om^^X, J) ~ R:Kom(X, R/,,^ in D b (K y ). 

Remark 1.1.3. Let Z be a closed subset of X and let i : Z — > X, j : X \ Z — > Z be the 
inclusion morphisms. Then for 5F, IF G D b (I(Kx)), we have 

Rjnj- 1 ? ~ K x \z 0?, R^r 1 ^ ~ K z 0?, 

(1.1) RjJ' 1 ? ~ Rmom(K x \2, 3 r ), Rm 1 ? ~ RJ5Com(K z , ?), 
Rj.j- 1 Rttom^, J) ~ RJ{om(K x \ z 0?', 3 r ). 

Hence there are not distinguished triangles 

RJilT 1 ^ -> ? -> Rm" 1 ^ nor Rm^ -> J -> R^' -1 ? 

and instead there are distinguished triangles 

(1.2) Rjuj- 1 ? -^J^J®K Z ^ and R3JCom(K z , ?) -> J -> R^r 1 ^ . 
The functor /3 satisfies the following properties. 

(1.3 a) p x (F) - Px(F G) for F, G G D b (K x ). 

For /: X -> F and G G D b (K y ) and S G D b (I(K x )), we have 

(1.3 b) r 1 /5y(G)^/3 x (r 1 G) and f(5 /3y(G)) ~ / ! 9 ^(/- X G). 

For ? G D b (I(K x )) and X, K' G D b (K x ), we have 

R3Kom(K,3) ®p x (K') ~ R3JCom(^?®^(K')) in D b (I(K x )), 

R3Com(X, ^) X' ~ R3Com(X,g r 0/3x(X')) in D b (K x ). 

In general /? does not commute with direct image. 

Lemma 1.1.4. Consider a closed embedding i: Z X and F G D b (K^). TTien we /zawe 
an isomorphism 

(3 x {Ri*F)®K z ~Ru(3 z {F). 



MICROLOCALIZATION OF IND-SHEAVES 5 

Proof. We have 

Px(Ri*F) ®K Z ~ RiJ^PxiRi.F) ~ Ru(3 z ^i~ l Ri*F) ~ Ri»/3 Z (F). 

□ 

The following fact will be used frequently in the paper: 

^ ^ A morphism u: SF — > 9 in D b (I(Kx)) is an isomorphism if and only if 

3 ® K x — > 9 <8> is an isomorphism for all x G X. 

We list the commutativity of various functors. Here, "O" means that the functors 
commute, and "x" that they do not. 
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lim 
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r 1 
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Rf* 
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f 
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lim 
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o 


o 





In the table, lim means filtrant inductive limits. For example, the commutativity of 
Rfw and lim should be understood as in Proposition 2.3.2 (i) below. 

Notation 1.1.5. For a continuous map /: X — > Y, we denote by ojx/y the topological 
dualizing sheaf f Ky, and cux = ^x/{ P t}- If X and Y are manifolds, ojx/y — wx®/" 1 ^®" 1 . 

For three manifolds Xi (i = 1,2,3) and for kernels K G D b (I(Kx lX x 2 )) an d K' G 
D b (I(Kx 2 xx 3 )), we define their convolution by 

(1.5) K o K' = R Pl3 n(Pi 2 1 K®P2 3 1 K'), 

where pij is the projection from X\ x X 2 x X 3 to Xi x Xj. We sometimes denote it 
simply by K o K' when there is no risk of confusion. This product of kernels satisfies the 
associative law: 

(K o K') o K" ~ K o [K' o K") 

for K G D b (I(K M2 )), K> G D b (I(K X2xX3 )) and X" G D b (I(K M J). By taking {pt} 
as X 3 in (1.5), we obtain the integral transform functor: 

Ko : D b (I(K X2 ))^D b (I(K Xl )). 

The following lemma is frequently used in §2. 

Lemma 1.1.6. Let X k — > F fe (A; = 1,2,3) 6e morphisms and %ij G D b (I(Kx iX x •)) 
and ^ G D b (I(Ky iX y.)). 

(i) ((/i X idyj-^xa) o ((id y2 x/ 3 )^ 1 ^ 2 3) - (/i x /3)- 1 (^12 ° £ 23 ) *n D b (I(K Xl xX3 ) ), 

(ii) ((/i x id X2 )„DC 12 ) o ((id X2 Xf 3 )u% 23 ) ~ (/i x / 3 )„(0Ci 2 £ i 23 ) j„ D b (I(Ky x y 3 )), 
(iii) ((idy X/a)" 1 ^) O X 23 ~ Ci2 O R(/ 2 X idxJnX^ m D b (I(Ky x x 3 )) . 
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1.2. Kernels attached to 1-forms. Let us denote by ir x '■ T*X — > X the cotangent 
bundle to X. For a closed submanifold Z of X, we denote by T|X its conormal bundle. 
In particular, T X X is the zero section of T*X. To a differentiable map /: X — > Y, we 
associate the diagram 

T*X ^— T*YxX T*Y. 

Jd Y " 

Notation 1.2.1. For a vector bundle p: E —> X , we denote by E the space with the 
zero section removed, and by p the projection E — > X. For example, we use the notations 
■k x - f*X -> X, T|X, etc. 

Definition 1.2.2. ^4 kernel data is a triple (X, Z, a), where X is a manifold, Z is a closed 

submanifold of X and a is a section of'T*X x Z — > Z . 

x 

We set 7(a) = a-\T*X) and Z(a) = a-\T x X). We have therefore 

Z(a) C 7(a) C Z. 
Each kernel data (X, Z, a) defines a closed cone P a in X^X x 7 (a) by 

P CT = {(x,v) e T z X;x e 7 (a) and (v,a(x)) > 0}. 

Consider the deformation of the normal bundle to Z in X which will be denoted by Xz 
or simply by X (see e.g. [KS2]). We have the following commutative diagram where the 
squares marked by □ are cartesian: 



{t e R;t > 0} 



(1.6) 




Here fl is the open subset defined by Q = {t > 0} for the natural smooth map t: Xz — > K. 
The normal bundle TzX is identified with the inverse image of £ R by i. With a 
local coordinate system (x, z) = (x±, . . . , x n , zi, . . . , z m ) of X such that Z is given by 
x = 0, Xz has the coordinates (t,x,z) = (t, x±, . . . , 5t n , z±, . . . , z m ) and p is given by 
pit, x, z) = (tx, z). 

Recall that the normal cone Cz(A) of a subset A of X is a closed cone of TzX defined 

by 



(1.7) c z (A) = T z xn P ' 1 (A)nn. 

Note that p is not smooth but the relative dualizing complex oj X j x is isomorphic to 
Kj-r[l]. In the sequel we will usually regard P a as a closed subset of Xz by P a C TzX C 

Definition 1.2.3. (i) Let (X,Z,a) be a kernel data. We define the kernel C a (Z,X) G 
D b (I(K x )) by 

C a {Z,X) = Rp„(%(8)KpJ ® p x (Ri^J- x ). 

(ii) A morphism of kernel data /: (X 1 , Zi, <7i) — > (X 2 , Z 2 , a 2 ) is a morphism of manifolds 
f : Xi — > X 2 satisfying 
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(i) /(Zx) C Z 2 , 

(ii) <7i = /V 2 . 

Remark 1.2.4. Note that C a (Z, X) is supported on T(<x), i.e. 

£ CT (Z,X) ^£ ct (Z,X)®K t((t) . 

This kernel behaves differently on Z (a) and outside. We have 

C a (Z, X) ® K Z(CT) ~ K z ® K z(a) 
and C a (Z, X)\x\z(a) is concentrated in degree — codimZ (see Corollary 1.2.13). 
In order to prove these facts, we shall start by the following vanishing lemma. 

Lemma 1.2.5. (i) Rpu(Kn®K TzX ) — and Rpn(If%<g) K Tz x) — Ri*uiz/x- 

(ii) Regarding Z as the zero section ofTzX C Xz, we have 

Rpw (%<8>K Z ) ~ K z . 

(iii) (Rp\\(K TzX ®K PlT )) ®K z \z(a) ^ 0. 

Proof, (i) Since the problem is local, we may assume that X is affine endowed with 
system of global coordinates (x, z) such that Z = {x = 0}, X z = (t, x, z) and p(t, x, z) 
(tx, z). We have then for all integer j 

R j p n (K a ®K TzX )^B?p n ( "lim" K {0<t<£ , | 2 |< R} ) ~ "lim" R j Pl K {0<t<£ , m <R} ~ 0, 

i?>0,£>0 i?>0,£>0 

which implies the first statement. The last one follows from the distinguished triangle 

R P!! (Kn<g>K TzX ) -> R P!! (%®i TzX ) -> Rp,.(K TzX ) 
and Rp!i(lK Tz x) — Ri*w z /x- 

(ii) We have a chain of morphisms 

Rpn <g> Kz} -»• Rp M (%<8> K z ) ~ Rp,, K z ~ K z . 

which allows us to prove the isomorphism locally on X. With the coordinate system 
above, we get for all integer j 

R j pu (%<g> K z ) ~ R j pn ("lim" K {0 ^^,|2|^ } ) ~ "lim" Wp, K {Q ^ e ^ e] 

£>0 £>0 

["lim"K {N ^ 2} ~K z if j = 0, 

^ < £>0 

[0 ifjVO. 

(iii) For ^ G T(cr) \ Z (a), we have 

(Rp!i(K TzX (8)Kpj) ®K zo ~ Rpn (k TzX ®K Panp -i {zo) } . 
Set cr(zo) = (£o, ^) 7^ 0. Then we have 

K TzX <E> IKp CTnp -i( Z0 ) ~ " lim " K {t=0i - e <(£ ,x),\x\<r}, 

i?>0,£>0 
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and for all integer j 

(R j pu(K TzX ®K P „)) ® K ZQ ~ K Z0 <g> "lim" R>(% =0 , - e << €o ,£>, |5|<h>) - °- 

i?>0,e>0 

□ 

Lemma 1.2.6. There is a natural morphism 

C a (Z,X) — K T(CT) (Ri^f/^) . 

Proof. Regard 7(a) as a subset of Xz by 7(a) C Z C X^X C X^. Then we get a natural 
morphism 

C a (Z,X) -> R P!! (Kjy®K^)) (R^^I/x) • 

Hence the desired morphism is obtained by Lemma 1.2.5 (ii). □ 

The following lemma provides a useful distinguished triangle to study some properties 
of the kernel C a (Z,X). 

Lemma 1.2.7. There is a natural distinguished triangle 
Rpw (Kn ® K Pct ) <g> p x (Ri^Jx) -> X) -> Rp M <g> K Pct ) <g> Ri-wf^ . 

Proof. It is enough to apply the triangulated functor Rpu( • <S> Kp CT ) <8> /3x(Ri*o;f^) to 
the distinguished triangle 

(1.8) K n ^%^K T|x ^, 

and to use Kz 0Px(Ri*^z/~x) — Ri^z/x- ^ 

Recall that Z(a) is the set of zeroes of a, i.e. Z(a) = a~ 1 (T x X) C Z. 
Proposition 1.2.8. l/Fe /iawe 

£ CT (Z, X) <g> K z((t) ~ K z <g> K z(ct) . 
in particular, if a = 0, then C a (Z, X) ~ . 

Proof. By the definition of Z (a), the cone P a x Z (a) coincides with T Z X x Z(a). Hence 

z z 

we have H%(g> Kp CT (gip -1 Kz( a ) — ^n^P^ 1 Kx(u), which implies 

X) <g> ~ R P!! (%® <g> K 2(CT) <g> /^(R^f^ 1 ). 

Hence the result follows from Lemma 1.2.5 (i). □ 

Proposition 1.2.9. Let (X,Z,a) be a kernel data, and set X = X \ Z (a) and Z = 
Z\Z (a). Then there is a natural distinguished triangle 

Rj,C ao (Z ,X ) -> C a (Z,X) -> K z ®K z((j) 

where ao is the restriction of a to Z and j denotes the open immersion X X. 

Proof. We have the distinguished triangle 

X) <g> K Xo — X) — X) <g> K z(ct) . 

The first term is isomorphic to Rj\\jC ao (Z , X ), and the last term is isomorphic to 
K z (8) K 2(o .) by Lemma 1.2.8. □ 
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Corollary 1.2.10. There are natural morphisms 

K z -> C a (Z,X) -> K T(CT) {Ri^tjx 

Proof. The first arrow is constructed as an immediate consequence of the preceding propo- 
sition and the obvious inclusion P a C P® = TzX. The last arrow follows from Lemma 
1.2.6. □ 

Proposition 1.2.11. Assume the section a never vanishes. Then 

C a (Z, X) ~ R Pl] (K n <g> K Pct ) <g> p x ( ^ "lim" K v ®{3 X ( Ri.wf/*) <8> K n<r) , 

u 

where the inductive limit is taken over the family of open subsets U of X such that 

p a n c z (u) c z. 

Here, Z is regarded as the zero section of'TzX. 

Remark that the set of such IPs is a filtrant ordered set by the inclusion order. 
Proof. By Lemma 1.2.7 and Lemma 1.2.5 (iii), we have 

C a (Z,X) ~ Rp u (K Q (g)Kp^ ®(3 X {Ri^tjx) ■ 

Hence it is enough to show 

R Pu (K n <g> K P ^ ~ "lim" K v ® K T((j) . 

u 

Since we have ZnU = on a neighborhood of T (<x) , (f7) H SI = p^ 1 (U) HQ is a closed 
subset of Q and we get the following chain of natural morphisms : 

p' 1 Ku ~ Kp-i^ — + Kp-i(i/)nn — * — * K n <g> IKp, . 



Since p 1 (U) n f2nP CT = C^(?7)nP cr is contained in the zero section of T Z X, Supp(p 1 Ku £g> K Pa ) 
is proper over Z. Hence we have a chain of morphisms 

which provides a natural morphism 

"lim" Ku — > Rpn (K n <g> Kp CT ) . 

By tensorisation we get the morphism 

(1.9) "lim" Kc; <g> K T(a) -> Rp M (k q <g> K Pct ) . 

We shall now show that this morphism is an isomorphism. It is enough to show that (1.9) 
is an isomorphism after tensoring by K XQ for any xq G 7(a). Let us take local coordinate 
system (x,z) of X such that Z = {x = 0}. We may assume xq = (0,0), and we set 
a(x ) = (£o, dx). We then have 

Rpn <g> K P }j <g> ~ Rp.i (K n <g> K Pct <g> Kp-i( X0 )) - Rpn ( K n ® Kp inp -i( I0 )) > 

and 

K n ®Kp CTnp - 1(a;o) ~ "lim" K nnynF7 ~ K X0 <g> "lim" K Aji , £1 , £2 , 

VCCXz, P CT np- 1 (a;o)cy' i?>0, £l >0, e 2 >0 
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where we have set 

A R:£u£2 = {(t,x,z) G X z ; < t < ei, -e 2 < (£o, |s| < ^} • 
Hence for all integer j, we have 

R j pu (K Q <g> K Pct ) <g> K Xo ~ <g> 



"lim" R^,K Afl£ie2 . 

-R>0, ei>0, £2>0 



We have 



p-\(x,z)) ~ {f G M;0 < i < £i, -e 2 < (^o,t _1 x), |t _1 a:| < R} 
~ {t G < * < ei, -ej 1 ^,^) < 0> 

and hence 

Taking the limit we can use a cofinality argument to get 

Rp,, (K n <g> K Pff ) <g> K X0 ~ i X0 <g> "lim" K {(XiZ)gX . - {M>£ \ X \ } . 

£>0 

Then the theorem follows from the following easy sublemma. 



□ 



Sublemma 1.2.12. (i) Let U = {(x, z) G X; s\x\ < x)}. Then P a fl Cz(U) C Z. 
(ii) Zei U C X be an open subset such that P a fl Cz(U) C Z. 27ien there exist e > 
and 5 > swc/i £/ia£ 

[/n{|(x,z)| < 5} C {(a,*) G X;-(x,£ > > e|a;|}- 

Corollary 1.2.13. Let (X, Z, a) be a kernel data. Assume that X is endowed with a local 
coordinate system (x, z) such that Z = {x = 0} and a is a nowhere vanishing section. 
Then, writing a(z) = (ai(z),dx) + (<T2(z),dz), we have 

C a (Z, X) ~ K { , =0 , CT2( , )=0} ® "lim" K { (xja); _ ^^^[codimZ]. 



£>0 



Remark 1.2.14. (i) We have 



a x (£ CT (Z,X)) ~K z((t) . 

(ii) Let (X, Z, <Ti) and (X, Z, (72) be kernel data, and let W be a closed subset of Z such 
that cti(x) = a 2 (x) for all x eW. Since P CTl l~l r^ 1 ^ = P CT2 n r^W, we have 

£ ai (X, Z) <g) K w ~ £ CT2 (X, Z)®K W . 

1.3. Functorial Properties. In this subsection, we will investigate the behavior of mi- 
crofocal kernels £ CT (Z, X) under inverse and proper direct images, and under convolution. 

Let /: (X ± , Z 1 ,<Ji) — > (X2,Z 2 ,<7 2 ) be morphism of kernel data. We have the diagrams 
of manifolds 



T'* Y f d T 1 * V w V J* T 1 * Y 

Z2 



~ I ~ t 

x 1 — -x 2 — 



^2 



and 



in 



T(ai)^ 5 T(cr 2 ) x Z x » T(cr 2 ) 

z 2 



P2 



x 1 



Xo 
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where Xk = Xkz k (k = 1, 2). We denote by ik : Zk X& the inclusion map. We have 

(1.10) P ai x 7(a 2 ) = ]-\P a2 ). 

x 2 

Proposition 1.3.1. Let /: (Xi, Zi,o~i) — > (X2,Z2,0"2) ^ e a morphism of kernel data. 
Assume that Z\ = f~ x {Z 2 ) and the morphism /: X± — > X2 is clean respect to Z2 
(i.e. (Tz 1 X\) x — > (Tz 2 X2)f(x) is injective for any x G Zi). 27ien i/iere exists a natural 
morphism 

f~ 1 C ai {Z 2 , X 2 ) — > £ CTl (Zi, Xi) <g> /3xi(Rii*wzi/z 2 ) ® W I r/x 2 ® ^Z- 1 ^) • 

Proof. Since / is clean, Xi — > X 2 x Xi is a closed embedding and there is a morphism of 

x 2 

functors f~ l Rp 2 \\ — ► Rpni/ -1 which induces a natural morphism 

f- l C a2 (Z 2 ,X 2 ) ~ r'Rpaii^®^)®/- 1 ^^^^!^) 
(1-11) - RPih/- 1 (% 2 ® K Pct2 ) ® /- 1 /3 X2 (Ri 2 ,o;| 2 7^) 

~ RpiM <g> %_i (Pct2 )) ® (J -1 R^f^xJ- 
By (1.10), we have a morphism 

(1.12) r 1 £ CT2 (Z 2 ,X 2 ) -Rpu, ^/-'(K^))®^^/- 1 ^^!^). 
Hence, to get the desired morphism, it is enough to remark that 

□ 

By adjunction, we obtain: 

Corollary 1.3.2. Under the hypothesis of the Proposition 1.3.1, we have a natural mor- 
phism 

C a2 {Z 2 ,X 2 ) -> R/„ (^(Z^XO <g> ^(Rii^/zJ ®^Ir/x 2 ® /"'K^)) • 

Proposition 1.3.3. Let f : (Xi, Zi,o~i) — > (X 2 ,Z2,cr 2 ) 6e a morphism of kernel data. As- 
sume that f~ l (Z 2 ) = Zi and f is transversal to Z 2 . Then we have a natural isomorphism 

f 1 £a 2 (z 2 , X 2 ) > C ai (Zi, Xi). 

Proof. Indeed if / is transversal, Xi — > X 2 x Xi is an isomorphism and Zin/ _1 (T(o" 2 )) = 

^2 

T(<7i), which implies that the morphism (1.11) as well as (1.12) is an isomorphism. We 
have furthermore ujz 1 /z 2 — h luJ x 1 /x 2 - D 

Proposition 1.3.4. Let /: (Xx, Z 1 ,a 1 ) — > (X 2 ,Z 2 ,a"2) 6e a morphism of kernel data. 
Then there is a natural morphism 

Rfn(£ ai (Zi,Xi) ® p Xl (Ri u u Zl /z 2 )) -> £ CT2 (Z 2 ,X 2 ). 
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Proof. The left hand side is isomorphic to 

R/„ (Rpim (K ni <g> K Pcti ) <g> /3 Xl (Riuwljxi ) ® ^ 

*^Zl/Z 2 J ) 

(1.13) ~ RfnRm((Kn 1 ®fcp ai )®PT 1 ux 1 /x a ) ® /W^wfT/k) 

~ Rp 2!! Rfi, (T 1 % 2 ®K Pcti <g> pr 1 ^/^) ® /3x 2 (Ri 2 *w| 2 7x 2 ) 
~ Rp 2 \\ (% 2 ® Rfii (K Pcti ®u Xi /X2 ) ) <g> /3 X2 (Ri 2 .w| 2 7x 2 ) • 

Hence, it is enough to construct a morphism 

(1-14) Rf,{K Pai ®u; Xi/X2 ) -K Pct2 . 

By adjunction it is enough to construct a morphism Kp CTi £g> ui Xl / X2 — > f IKp CT2 - However 
by (1.10), we have 

^ ® ^/x, ~* ^ x T( CT2 ) ® ^ Xl /x 2 - J' 1 ^ 2 ®^ Xl /x 2 - ? ^ 2 > 

where the last isomorphism follows from (1.3 a). □ 

Corollary 1.3.5. Let /: (Xi, a"i) — > (X 2 , Z 2 , <7 2 ) be a morphism, and assume that f is 
smooth and induces an isomorphism from Z 1 to Z 2 . Then we have a natural isomorphism 

Rf\\£ai(Zi, X ± ) > C a2 (Z 2 ,X 2 ). 

Proof. By the assumption, we have 7 (cr 2 ) x Z 1 — 7(ai). By (1.13), it is enough to prove 

z 2 ^ 

that (1.14) is an isomorphism. Since P ai = f~ 1 (P C2 ), we have 

Hence we have reduced the problem to 

R/m (k TziXi ^ ^t Z2 x 2 ■ 

Since / is smooth, we can take local coordinate systems (x, z) on X 2 and (x, y, z) on 
X 1 such that Z 2 = {x — 0}, Zi = {x — 0, y = 0} and / is given by the projection. 
We then take a coordinate system (t,x,z) on X 2 and (t,x,y,z) on X±. The associated 
morphism /: Xi — > X 2 is given by (t,x,y,z) — > (t,5, z). Then we can check easily 
R^(K TziXl tou^/xj ~ Rf<M{t=o} ®u Xi/X2 ) ~ K {t=0} . □ 

Lemma 1.3.6. Zei (X,Z,a) be a kernel data on X, and let f : X ^ Y be a smooth 
morphism which induces a closed embedding Z ^Y . Assume that a(x) ^ T^^Y for any 
x G T (er) . T/zen we /m^e 

R/hA^Z^-O. 

Proof. For any Xo 6 7(a), take a local coordinate system (y, z) = (yi, . . . , y n , z±, . . . , z m ) 
of F in a neighborhood of f(xo) such that f(Z) is given by y = 0. Then we can take a 
local coordinate system (t, x, y, z) of X in a neighborhood of x such that Z is given by 
{t = 0, x = 0, y = 0}, and <j(x ) = —dt(x ). Then we have 

C a (Z,X) <g> K Xo ~ ( "Jim" K Fji J <g) ^(Ri^f/x) ® K Xo , 

<5>0,e>0 
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where 

F S ,e = {(t,x,y,z);5>t> e(\x\ + \y\)}. 
Hence, (Rfu(£ a (Z, X)) <g> K f{xo) ~ Rf tt (£ a (Z,X) <g> K Xo ) ~ follows from 

R J 7,(K^J~0 for any j E Z. 



□ 



Proposition 1.3.7. Let f : (X\,Z\,o\) — > (X 2 ,Z 2 ,a 2 ) 6e a morphism of kernel data, and 

assume that f is a closed immersion which induces an isomorphism Z\ > Z 2 . Then 

there is a natural isomorphism 

C<n(Zi, Xi) > f'£ CT2 (Z 2: X 2 ). 

Proof. Since / is a closed immersion, we get the commutative diagrams 



Z 1 ^X 1 J^x l J^Q 1 



T Zl X 1 ^^ Xl 



□ 



Z 2 c — >■ x 2 

12 



f □ 



and T z f 



□ 



>2 "^2 



J2 



Tz 2 X 2 X2 



in which the squares marked by □ are cartesian. Recall the adjunction isomorphism 
f Rfw ~ id. Hence it is enough to construct an isomorphism 

Rf,C ai (Z u X 2 ) Rf u fX a2 (Z 2 ,X 2 ). 

Next recall that 

Rhf£ C2 (Z 2 , X 2 ) ~ RWom (K Xl , C a2 (Z 2 , X 2 )) . 
Therefore we may write: 



Z 2 /X 2 



Rf,fCa 2 (Z 2 , X 2 ) ~ RWom ^ K Xl , Rp 2!! ( <g)% 2 ( K Pct2 ®p^ Ri 

~ Rp 2!! ( RWom (p^ 1 K Xl , 1% ) <g> % (K Pct2 ®p 2 - 1 Ri 2 *^f 2 7k ) 
On the other hand, P ai = f~ x P a2 implies 

RfuJC (Tl (Z 1 ,X 1 ) ~ RfuRpv^K^^p^Kp^ Rii^f^)) 

~ Rp 2!! Rfi, ( K 7 _ 1(J5) (8)% (J" 1 K Pcti ^J- 1 ^ 1 Rs 2 *^| 2 7x 2 ® Pi" Wx/xa 
~ Rp 2!! R/m (V 1 ( ®% 2 ( K Pct2 R? 2^| 2 7x 2 ) ) ® ^/Xa 

- RP2!! ( ^Th ®% 2 ( K ^ 2 ®P2 1 ^2*w| 2 7x 2 ) ® R/ll^X!/ X 2 ) , 

and it is enough to show that 

RyKom{p 2 l K Xl , Kj^) ~ Kfij ® R^w^/*,. 
However we have the natural chain of isomorphisms 
raMomfe- 1 !^,!^) ~ BDXom fa 1 Kx^RfaKaJ 

~ Rj 2 * Rmomfc-^ 1 K^ 2 ) ~ Rj 2 * RWom(K ni , Kn 2 ). 
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On the other hand, we have, as an object of D b (I(Kn 2 )), 

K)'Hom(K ni ,K n2 ) ~ j' 1 Rf*u; Xi/X2 , 

and hence 

RD l Kom(p 2 1 K Xl , Kj^) ~ RjWT 1 r /*^avx 2 

~ Rj 2 * ® R/*w Xl /Xa — R/n /x 2 • 

□ 

Proposition 1.3.8. Let (X, Z±, <7i) and (X, Z 2 , a 2 ) be kernel data on the same base man- 
ifold X. Assume that Z\, Z 2 are transversal submanifolds. Then there is a natural 
morphism 

c ai (Zi,x) ® c a2 (z 2 ,x) c ai+a2 (Zi n z 2 ,x) ® K T ( CT1 ) nT ( CT2 ) . 

Proof. Set Z = Z 1 nZ 2 ,a = a 1 + a 2 and JV = 7(a 1 ) fl T(cr 2 ) C T(<r) C Z. 

(i) Assume first that a\(x) and cr 2 (a;) are linearly independent vectors of T*X for every 
x E Z . Then we have 

C ak (Z k , X) ® K w ~ "lim" <g> IKjv (R^^I fc 7x) , 

where the inductive limits is taken over the family of open subsets Uk of X such that 
Cz k (Uk) H P Uk C .Zfc. For such open subsets Ui, U 2 , we have 

c z n c/ 2 ) n (P a xN) cz, 

z 

since P a x N C P ai U P CT2 . Hence we get a natural morphism 

z 

C ai (Z u X)®C n (Z 2 ,X)®K N 

~ ("lim" ®/3 (Rii^f^)) <8> ("lim" ®/3 (R^wf^)) ® Kjv 

-> ("lim" K^) <g> /3 (Rii*w|^) <g> /3 (Ri2*^| 2 7x) ® ^jv, 
i/ 

where {7 ranges over the family of open subsets of X such that Cz (U) fl (P CT x TV") C Z. 

v z 

Since Z\ and Z 2 are transversal submanifolds of X, we have u>z/~x — { u Zi/x\ z ) ® i^z^/x I z ) ■ 
Hence we obtain 

"lim" Ku ®(3 X (Rii^f^) ® /3x (^2*^1^) ® - X) ® K N , 

u 

which provides the desired morphism. 

(ii) Consider the general case. We set A x = X x R n for n = 1, 2. We use coordinates 
(x,ti,t 2 ) on A x . We regard the manifold A l Zk as a submanifold of A x by 

A z k - = {( x i *i, *2) ; a: G Z fc , 4 = 0}, 
and A x as the submanifold {t 2 = 0} of A x . We identify Z with 

A l Zi n A Z2 = {(x, t u t 2 );xe Z, t 1 = t 2 = 0}. 
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h and 
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tr 



tr 



->- Zi >- Z\ ( — 



A 1 



J2 



where .71(21, i) = (zi,0,t) and j 2 (z 2 ,t) — (^2,^,0). Note that the squares marked with tr 
are transversal. Define the sections 



Ak 



T*A X , 



T*A 2 X , 
T*A X . 



01 — o\ + c^i 

2 = 02 + <^2 
= (7i + (7 2 + dti + dt 2 

Clearly d\ and 02 are linearly independent at each point, and the result in the first part 
gives a morphism 

C Sl (A^, A 2 X ) <g> U 2 (A^, A^) -> A^) ® K w . 
We then deduce morphisms with the help of Proposition 1.3.3 and Proposition 1.3.7 



£<ri (Zi, X) 



£■(72 (^2, X) 



rC ai [Z X ,A} X ) ®rX 2 (A^ 2 ,Ay 

r {C dl (Z 1: A x )®£ a2 (A^ 2 ,Ay) 
.1 



1 A 2 



v {%' l C dl (A Zi ,A 2 x )®i' l £ 
« ,! (C Sl (A Zv A x )®C d2 (A^,Ay) 



•! •/!, 

2 I 



□ 



i'- A^) ® K N ) ~ £ a (Z, X) <g> Kjv, 

which completes the proof. 

Remark 1.3.9. Although we do not give proofs, the following two facts hold. 

(i) If 0i and 02 are linearly independent, the two morphisms constructed in the parts 
(i) and (ii) of the proof of Proposition 1.3.8 coincide. 

(ii) If (X, Z 3 , 03) is a third kernel data such that (Z 1 ,Z 2 ), (Zi,Z 3 ) and (Z 2 , Z 3 ) are 
transversal in X and that (Z 1 fl Z 3 , Z 2 fl Z 3 ) is transversal in Z 3 , then the following 
diagram is commutative where N = T(0i) fl 7 (cr 2 ) C\7 (a 3 ): 

C n (Z ± ,X) <g> C a2 (Z 2 , X) <g> C a , {Z 3 , X) ->■ £ CTi+a2 (Zi n Z 2 , X) ® £ CT3 (Z 3 , X) ® K N 



c ai (z 1: x) <g> £ CT2+(T3 (z 2 n z 3 , x) <g> k n — - c* 1+ a 2 +a 3 {Zi nz 2 n z 3 , x) ® k n , 

i.e. the composition morphisms are associative. 

Lemma 1.3.10. Let (X, Zi, 01), (X, Z 2 , 02) be kernel data on X and assume that Z\, Z 2 
are transversal submanifolds of X and that o\ and a 2 never vanish. Let f : X — > Y be a 
smooth morphism which induces a closed embedding Z\V\ Z 2 Y . Assume the following 
condition: 

(R>o<7i(a;) + R> or 2 (x)) n T* f(x) Y = {0} for every x G 7(a ± ) nT(a 2 ). 
#ere TJ^Y is regarded as a subspace ofT*X by fd- Then we have 

R/„ (£ CTl (Zi,X)®£ CT2 (Z 2 ,X)) ~0. 
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Proof. Let us show that 

R/„ (c^Z^X) ® C a2 (Z 2 ,X) ®K x )j ~0 

for any x G T(o"i) fl T(cr 2 ). We first reduce the proof to the case where X is of relative 
dimension one over Y . Assume the assertion to be true for relative one-dimensional mor- 
phisms. Set E = T X0 (f~ l f(x Q )). Then by the assumption, E satisfies (lR>oO"i(a;o) + 
R> a 2 (x )) n E 1 - = {0}. Hence there exists a line £ C E such that (]R> o"i(a;o) + 
]R> o"2(^o)) n i 1 - = {0}. Decompose / into the composition of smooth morphisms X 

Y> y on a neighborhood of x such that g and are smooth and T Xo (g~ l g(x )) = t. 
Then g satisfies the conditions in the lemma. Hence applying to g the relative one- 
dimensional morphism case, we obtain Rgn ^C ai (Zi, X) ® C a2 {Z 2 , X) ® K X() j ~ 0, which 
implies the desired result. 

Now assume that / has relative dimension one. Since a k (x ) ^ T^,^Y, the map Z k — > 

y is a (local) embedding, and T Xo Z k = fr 1 (Tf(x )Z' k ) n<7 fe (£o) _1 (0), where Z' k :=f(Z k ) C 
y. Then Z[ and ^ are transversal, and f[Z\ fl Z 2 ) is a hypersurface of Z[ fl since 

codim y (/(Zi n Z 2 )) = codim x (^i fl Z 2 ) — 1 = codim x (2'i) + codimx(Z 2 ) - 1 
= codim y (Z() + codim Y (Z 2 ) + 1 = codim Y (Z( n Z 2 ) + 1. 

Since r X0 (Zi n Z 2 ) = f- l {T f{xa) (Z[ n Z 2 )) n aifco)" 1 ^) n ^(xo) -1 ^). the vectors ^(xq) 
and cr 2 (a;o) are linearly independent. By multiplying by a positive constant, we may 
therefore assume that 

a 1 (x )-a 2 (x )eT* {xQ) Y\{0}. 

Take a local coordinate system (t,yi,y 2 ,z) of Y such that 

Z' k = {y k = 0} and a 2 (x Q ) - ai(x ) = dt. 

Then take a local coordinate system (x, t, y±, y 2 , z) of X such that (Ji{xq) = —dx (and 
hence cx 2 (a;o) = dt — dx), and Z 1 = {y 1 = 0, x = 0} and / is given by forgetting x. Set 
Z 2 = {y 2 = 0, x = ip(t, y±, z)}. Then replacing ip(t, y\, z) with t, we may assume from the 
beginning that 

Z 2 = {y 2 = 0,x = t}, Z x n Z 2 = { yi = 0, y 2 = 0, x = t = 0}. 

Then we have 

C^Z^X^C^Z^X)®^ ~ "Jim" (K^ £ ®K^ J®/3 X (R2 1 ^|^®R2 2 ^|^)®K :C0 , 

<5>0,e>0 

where the open sets Ug £ are given by 

U] e = {e\yi\ < x < 5} and XJ\ e = {e\y 2 \ < x - t < 5} . 

Hence we have 

U} £ n Ug e = {max(e|yi|, e\y 2 \ + 1) < x < min(5, S + t)}. 
Then the result follows from 

R/,(K^ en[/|e )~0. 

□ 
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Proposition 1.3.11. Let (X, Z 1 ,a i ), (X,Z 2 ,a 2 ) be kernel data on X and (Y,Z,a) a 
kernel data on Y . Assume that Z\, Z 2 are transversal submanifolds of X. Let f:X^Y 

be a smooth morphism which induces an isomorphism Z\ n Z 2 > Z . Let N be a closed 

subset of7(a 1 ) n T(cr 2 ) satisfying the following conditions: 

(i) Z(a 1 )nZ(a 2 ) CN, 

(ii) f*cr(x) = ai(x) + a 2 (x) for every x G N, 

(iii) (7i (x) £ T* {X) Y for anyxeN\(Z (<n) U Z ((72)), 

(iv) (R> O 0i(x) + M>o^ 2 (x)) n T; (x) y = {0} for every x G (0>i) nT(«r 3 )) \ X ; 

(v) £/ie morphism Z^ ^ Y is smooth at each point of Z (o^) /or k — 1, 2. 
T/ien t/iere is a natural isomorphism 

R/„ (£ CTl (Zx,X) (g) A, 2 (Z 2 ,X)) £ CT (Z,F) <g)K /(JV) . 
Proof. The morphism is obtained as the composition 
R/n (£ CTl (Zx, X) <8) £ CT2 (Z 2 , -X")) -> R/n^^n^,!)®^) 

~ R/n^/.^ZinZa.X)®^) ->£ ff (Z,Y)<g>K /(A0 . 
In order to see that it is an isomorphism, it is enough to prove the isomorphism 

R/„ X) ® £ a2 (Z 2 , X) ® K, ) £ CT (Z, F) ® K m) ® K /(xo) 

for any Xo G T(<7x) fl T(o" 2 ). 

(a) Assume first that ai(xo) = o- 2 (x ) = 0. Then, (i) implies xo G N, and we have 
a (f{ x o)) — by (ii). Hence Proposition 1.2.8 implies 

R/m (^(Zx, X) ® £ a2 (Z 2 , X) ® K xo ) ~ R/m (k Zi ® K Z2 ® K Xo ) 

~ K z ® K /(xo) ~ £ CT (Z, F) ® K /(Ar) ® K /(xo) . 

(b) Assume o"x(xo) = and a 2 (xo) 7^ 0. Then we have 

R/m (£ CTl (Zi,X) ® £ CT2 (Z 2 ,X) ®K Xo ) ~ R/„ (k Zi ®£ CT2 (Z 2 , X) ® K Xo ) 

~ R/ !! ii !! i ] ; 1 £ (J2 (Z2,X) <g) K /(a . o) , 

where i\ \ Z 1 — > X is the inclusion. Proposition 1.3.3 implies i\ x L a2 {Z 2 , X) ~ /^(Zx fl 
Z 2 , Zx). Note that Z x — > F is smooth at x by the assumption (v). If x G X, then Corol- 
lary 1.3.5, along with by the hypothesis (ii), implies R/iiixnAr^Zx H Z 2 ,Z 1 ) ~ jC a (Z, F). 
Assume a; G (T(o"x) fl T(o" 2 )) \ X. Then (iv) implies that 0-2(^0) & T*^(xo)F, and hence 
Lemma 1.3.6 implies Rfuii\\£ a2 (Z 1 fl Z 2 , Zi) ~ 0. 

(c) Therefore we may assume that o"x(xo) 7^ and o^xo) 7^ 0. If x £ N, then the 
result follows from (iv) and Lemma 1.3.10. We may assume therefore Xq G X. Similarly 
to the proof of Lemma 1.3.10, we first reduce the proof to the case where X is of relative 
dimension one over F. Assume the theorem to be true in the relative one-dimensional 
morphism case. Set E = T xo (f~ 1 f(x )). Let us choose a line £ C E such that o~i(xq)\i 7^ 0, 

and then decompose / into X Y' —> Y on a neighborhood of xq such that g and h 
are smooth, and T Xo (g~ 1 g(xo)) = £. Then g satisfies the conditions (i)-(iv), and applying 
the relative dimension one case to g, we obtain 

R/m (£ CT1 (Zx,X) ® £ CT2 (Z 2 ,X)) ~ Rh x X h * c {g{Z l n Z 2 ),F') ~ £ CT (Z,F), 

where the last isomorphism is deduced from Corollary 1.3.5. 
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Hence me may assume that the relative dimension of X over Y is one. By the as- 
sumption (iii), Zk — > Y is a (local) embedding and T XQ Zk = f* 1 (Tf( Xo )Z' k ) fl <Xfc(:r ) _1 (0) 
where Z' k : — f(Zk). Then Z[ and Z' 2 are transversal submanifolds of Y and Z is a one- 
codimensional submanifold of Z 7 : = Z( fl Z' 2 . We have 

<t(/(s )) i T* Z ,Y 

Indeed, we have 

t X0 (Z! n z 2 ) = f;\T f{xo) z') n ^(^"'(o) n ( 7 2 (x )- 1 (o) 

= /^(T^z'n^/Oro))- 1 ^)) n^^o)- 1 ^), 

which implies T /(a;o )Z = T f{xa) Z' n cr(/(:ro)) _1 (0) 7^ T f(xo) Z'. 

Hence we can take local coordinates (t, yi,y 2 ,z) G R x R mi x R™ 2 x R™ of F such that 
a(f(xo)) = —dt(f(xo)) and Z£ = {y^ = 0} (/c = 1,2). Then we can choose a system of 
coordinates (x, t, yi, y 2 , z) on X such that / is given by forgetting x, <7i(xo) = —dx(xo) 
by (iii) (and hence <J 2 (x ) = dx(x ) — dt(x )) and that Z 1 — {y 1 — 0, x — 0}. Set 
^2 = {2/2 = 0, x = tp(t, yi, z)}. Replacing tp(t,yi,z) with t, we may assume from the 
beginning that 

Z 2 = {y 2 = 0, x = t} and Z = {y 1 = 0, y 2 = 0, t = 0}. 
We have then using Corollary 1.2.13 

C n (Z u X) ® K xo ~ ® "lim" K^i ( Rii^ff^) , 

£>0 

£ ff2 (Z 2 , X) ® K X0 ~ K X0 ® "lim" ®/3 x ( Rw®'^) , 

£>0 

where the open sets are given by 

U\ = {e\yi\ < x} and U 2 £ = {e\y 2 \ <t — x}. 
We may therefore write 

C ai (Z 1 ,X)<S>C ff2 (Z 2 ,X)<S)K X0 

~ K X0 ® "lim" Kt/inc/f ( Rii^f"^) ® /3 X ( Ris^f"^) 

£>0 



K xo ® "lim" K^in^ ®(3 X (/" 1 Ri^f^) ® 



£>0 



Since the relative dimension of X over Y is one, we have u>x/y ® ^0 — ^0 [-*-] > an d we 
deduce an isomorphism 

R/n (Zi, X) (g) £ a2 (Z 2 , X) ® K^, ) 

~ R/n ( K xo ® "lim" Kj/inu? ®^x/y) ® /5y Ri*^f/~y 

£>0 

~ R/m ("lim" K uinui ) [1] ® K /(xo) ®/3y Ri^f/y 1 . 

£>0 

Since [/* fl C/| = { £ |yi| < x < t — er j 2/2 1 } 3 we have 

R/lO&tfintfl) - ^{edyil+lval)^}! -1 ]- 
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Hence we finally deduce that 

Rf tt (C ffl (Z 1 ,X)<B>C ff2 (Z 2 ,X)<B>t X0 > j ~ ("lim" K {£{M+M)<t} ) <g> Ri^f^ 1 <g> K /(xo) 

£>0 

~ C ff (Z,Y)®K fixo) . 

□ 

Proposition 1.3.12. Let (Xi,X 2 ,X 3 ) be a triplet of manifolds and (Xj x Xj, Zij, cr^) 6e 
a kernel data for 1 < i < j < 3. Assume that Z\ 2 x X 3 fl^d Xi x -Z23 are transversal in 
X\ x X 2 x X3 anc? £/ia£ £/ie projections pij : Xi x X 2 x X3 — > Xj x Xj induce an isomorphism 

Z12 x Z23 ► Z13. Le£ denote by p 2 : Xi x X 2 x X 3 — > X 2 £/ie second projection and 

x 2 

by P2*- T*(Xi x X 2 x X 3 ) — > T*X 2 i/ze induced projection. Let N C T(<7i 2 ) x T((T 23 ) 6e 
a closed subset satisfying the following conditions: 

(i) Z(<7 12 ) X Z(<T 23 ) CiV, 
^2 

(ii) pI 3 <Ti 3 (a:) = p* 2 o-i 2 (:r) + p 23 a 23 (x) /or euery x G X, 

(iii) P2*o- 12 (x) £ T* X2 X 2 for any x E N \ (Z (a 12 ) xX 3 UX 1 xZ (a 23 )) , 

(iv) M>op 2 *o- 12 (a;) ^ R< p 2 *cr 23 (x) for every x G (7(a 12 ) x T (cr 23 )) \ X, 

^2 

(v) £/ie morphism Z 12 — > X x is smooth at each point ofZ (<7 12 ) anc? £/ie morphism Z 23 — > 
X 3 «s smooth at each point ofZ(o~ 23 ). 

Then we have an isomorphism 

C ai2 (Z 12 ,X 1 x X 2 ) o £ CT23 (Z 23 ,X 2 x X 3 ) £ CT1 3(Z 13 ,X! x X 3 ) <g> K /(JV) . 
Proof. By Proposition 1.3.3, we have 

Pi 2 ~ 1 C< 712 (Z 12 ,X 1 x X 2 ) ~ £ p * 2(T12 (Z 12 x X 3 ,Xi x X 2 x X 3 ), 

P23~ 1 £* 2 A Z ^ X 2 X X 3) - A^a^l X ^23,^1 X X 2 X X 3 ), 

and Proposition 1.3.11 implies 

Rp 13!! (jC p * 12<t12 (Z 12 x X 3 ,Xi x X 2 x X 3 ) <g> £ p * 3CT23 (X! x Z 23 ,X! x X 2 x X 3 )) 

~ C (J13 {Z 13 ,X l x X 3 )®K f{N) . 

□ 

2. MICROLOCALIZATION OF IND-SHEAVES 

2.1. The kernel of ind-microlocalization. We shall construct the kernel of mi- 
crolocalization by the methods of the preceding section using the fundamental 1-form oo x 
of T*X . Since the construction uses only a 1-form, we shall discuss it on homogeneous 
symplectic manifolds. A homogeneous symplectic manifold is a manifold X of even di- 
mension endowed with a 1-form uix such that (dux) dimX ^ 2 never vanishes. It is a classical 
result that there locally exists a coordinate system (x±, . . . , x n ; £1, . . . , £„) where uj x does 
not vanish and 

n 

(2.1) ux = ^2&dxi. 

i=l 

Let pj : X x X — > X (i — 1, 2) be the projection and let A x denote the diagonal of X x X. 
Then a x = p\ ^x ~P 2 ^x gives a section of T£ (X x X) — > A3-. 
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Definition 2.1.1. The microlocalization kernel is the kernel defined on X x X by: 

K x = £ ax (A x ,Xx X) G D\l(K XxX )). 

Lemma 2.1.2. There is a natural morphism 

e x : K Ax — > K x 

such that the compositions 

K x ~ Kx o Kx ° £x > Kx o K x , 

K x ~ Ka x ° Kx £x ° Kx > Kx o Kx 
are isomorphisms, and these two isomorphisms coincide. 

Proof. We have constructed the morphism e x in Corollary 1.2.10. The second statement 
easily follows from Proposition 1.3.12. The last statement follows from Lemma 2.1.3 
below □ 

Lemma 2.1.3. Let F: C — > C be a functor and a: idc — > F a morphism of functors. 
Assume that for any object X G Ob(C) £/*e morphisms 

a F{x) : F(X) - F(F(X)) F(a x ) : F(X) - F(F(X)) 

are isomorphisms. Then 

(i) For any two objects X, Y G Ob(C), £/ie composition with ax defines a bijection 

Hom c (F(X),F(F)) Hom c (X, 

(ii) = F(a x ) /or any X G Ob(C). 

Lemma 2.1.4. For too homogeneous symplectic manifolds X and 2), we /iawe 

Kxx2)o(KxKK ?} ) ~ Kxx?) a^c? K Xx?) oKx ~ K lx?) . 

Proof. The last isomorphism is obtained by applying Proposition 1.3.12 to (X x 2) x 
2), X, X), and the first isomorphism follows from the second since 

Kxx?} °(Kx H Kg) ~ (Kxx?) o K x ) o K^ . 

□ 

Now let X be a manifold and set X: = T*X. Then X has a canonical structure of a 
homogeneous symplectic manifold. The microlocalization functor is defined by: 

fi X : D b (I(K x )) -^D b (I(Kx)) ; 5F » » x 2: = K x on^. 

The microlocalization functor \ix may also be obtained as an integral transform as- 
sociated with a kernel Lx G D h (I(K T *xxx)) which is often easier to manipulate than 
Kx. 

Definition 2.1.5. The kernel L x G D b (I(K KT , Xx J) is given by 

L x = C ax (T*X x X, T*X x X) , 

where ax is induced by oo x on the first factor and —id on the second factor. 

Remark 2.1.6. Let (x;£) be a local coordinate system on X = T*X and let (x,C,;r],y) 
denote the associated coordinates on T*X. Then ax is defined by 

a x (x; = ((x, £; f , 0), (x; -£)) e T*X x T*X. 

Therefore T(<t x ) = T*X x X. 
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Proposition 2.1.7. Let J G D b (I(K x )). Th ere is a canonical isomorphism 

Hx? ~L x o3. 
Proof. Consider the following diagram 

T*X x T*X 




T*X ' X. 



Since q satisfies the assumptions of Corollary 1.3.5, we have the isomorphism Rgn — 
L x , which implies 

L x oJ ~ Rp' m (Rqn K^p'- 1 ^ ~ Rp' w R?i! (K^- 1 ^- 1 ?) 

□ 

The next lemma immediately follows from Lemma 2.1.2. 
Lemma 2.1.8. For ? G D b (I(K x )), we have 

Example 2.1.9. Let Z C X be a closed submanifold. Then 

fe (i z )~4 x (WxZ,fi). 

Indeed, noticing that — £o(^^) ; it is enough to apply Proposition 1.3.12 to the 
triplet (T*X, X, pt) with N = T*X x Z. 

Note that the support of /ix(^z) is T£X. Let us take a local coordinate system (x,z) 
on X such that Z = {x = 0}. Let (x,z;£X) be the corresponding coordinates on T*X. 
Then on T*X, we have 

^x(Kz) ~ "lim" K { _(g !j; ) >£ |- E | } (g) K {j;= o ; c=0} [codim Z] . 

£>0 

Note that 

(2.3) A*x(K z ) ~K T *xxz- 

Lemma 2.1.10. Lei 3=" G D b (I (K T * X )). T/ien 

(K T * X °30 <g> K T * x ^ 9" <8> K T . x , 
in particular !/JeD b (I (Kx)) i/ien 

Proof. With the notations in (2.2), we have an isomorphism by Proposition 1.2.8: 
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Therefore we have for 5 G D b (I (K r . x )) 
(K T * X of) ® K T * xX ~ Rp iu (K T * X ®p^) ® K T * x x = Rpm (k t * x ^Pi 1 ^t* x x 

~ Rpi!! (K ATtx K TiX = R Pl!! (^A T * X ®P2 ® X 

~ 3=" (g) K T * x . 



□ 



Remark 2.1.11. The ind-sheaf /xx^ is conical in the sense that it is equivariant with 
respect to the M>o-action on T*X. We will not develop here the theory of conic ind- 
sheaves but simply give some consequences sufficient for our purpose. Let T*X be the 
cotangent bundle with its zero section removed, and S*X the associated sphere bundle. 
Let 7: f*X -> S*X be the natural projection and ? G D b (I(K x )). Then we have the 
following isomorphism: 

Indeed, the kernel L x satisfies a similar property. 

Lemma 2.1.12. Let X be a real manifold and tie'- E — * X a real vector bundle over X . 
Denote by SE the spherical bundle associated with E and by 

j:E^E p:E^SE 

the natural morphisms. Assume that 5F G D b (I(K^)) satisfies j^ 1 ^ — p^S for some 
S G D b (I(K 5£ )). Then 

(i) Rir E * Rjuj' 1 ? ^ 0, _ 

(ii) R7TE*(3 r ) > R7Te*0^x ®9 r ), where X is identified to the zero section of E, 

(iii) there is a natural distinguished triangle 

RttbiiJ -1 ^ — ► Rvr^!!^ — ► Rtte*^ — ^ • 

Proof, (a) Let £x denote the real blow up of E along X identified with the zero section, 
i.e. E x — (E x ]R> )/ffi>o, hence -Ex = E U S'E' as a set. We have the following 
commutative diagram 

E ^ E x — SE 

where tte x and ttse are proper, 
(b) We shall first show 

Rq^Rinj- 1 ? ~ 0. 

Since q is locally trivial with fiber i?>o, we have g ! S ~ g _1 S <E> q ] ~^se — g _1 S <S> ^^[1]. 
Therefore we have 

Rq^K^^q- 1 ^) ~ Rg* R^om (K £x [1], g ! S) ~ Rmom (Rg,, K Ex [l], 9) ^ 
since Rq\\ K Ex = 0. On the other hand, we have 

Rg, ((K l(£) /K J(£) ) ® g^s) ~ Rg M ((K i{E) / K i{E) ) ® q'^) * Rqn ((K^ /^))®S ^ 0. 
Hence the desired result follows from the distinguished triangle: 

RqM l{E) ®? _1 S) — <8>? _1 S) — Rg* ((k, (£) ® rt) 
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in which the first term is isomorphic to Rg* Riuj^ 1 ^. 

(i) We have a chain of isomorphisms 

Rtte* Rjnj~ 1 3' ~ Rtte* RttexW Rinj^ 1 ^ 

~ Rir E * Rttex* Riwj 1 ^ — R^se* Rq* Riuj -1 ^, 

which vanishes by (b). 

(ii) Applying the functor Riie*( • <S> 5) to the distinguished triangle 
(2.4) K E -> K E -> K x 



we obtain the distinguished triangle 

Rtt e *(K e (8)5) -> Rvrs^ -> R7r E ,(K x 05) 
in which the first term vanishes by (i). 

(iii) Applying the functor R7Te!!(» ® 5) to the distinguished triangle (2.4), we obtain 
the distinguished triangle 

RttevX^e ®3) — > Rtt £!! 5 -> R7r E!! (K x ®5) 

in which the first term is isomorphic to RttevJ' 1 ^ and the last term is isomorphic to 
R7T£*5 by (ii). □ 

Proposition 2.1.13. Let 5 G D b (I (K x )). Then 

(i) Rvr x */ix5 ~ 5, 

(ii) R7Tx!!/ix5 ~ K Ax o5, 

(iii) R7t X!! (/i X 5|^ x ) ~ (lK XxX \ Ax <g> K Ax ) o 5, 

(iv) there is a natural distinguished triangle 

Rrixw {^X^\f*x) R7TX!!/ix5 — * 5 . 

Proof, (i) By Lemma 2.1.12 (ii), we have 

Rvrx*/Ux5 ~ Rtt x * <g> K T * x) ^ Rttxm (tt* 1 ? ® K T * x ) ^ 5 <g> R7r x!! K t * x ~ 5, 

where the second isomorphism follows from Lemma 2.1.10. 

(ii) and (iii) Let us denote by p: T*X xl^lxl the canonical morphism. Then we 
have isomorphisms: 

Rnxw^x^ — (Rpv.Lx) ^, 
Rn X \\(nx3\f*x) - (RpvXLx ® K f , XxX )) o 5. 
Hence, it is enough to show the isomorphism 

(2.5) Rp,L x ^ K Ax , 

(2.6) Rpn(L x ® &f* X xx) - ^XxX\A x ®K Ajf . 
The natural morphism given in Corollary 1.2.10 

Lx — > ~Kt*XxX <®Pt*XxX {^°T*XxX/T*XxX^ = P 

provides a morphism Rp\\Lx — ► ^a x - 
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We shall first show (2.6). Take a local coordinate system x — (x±, . . . , x n ) on X and let 
((#;£), a/) be the associated local coordinates on T*XxX. We have 

L X ® K T , XxX ~ "hm" . (€>jB ,_ x)>e|je ,_ x| } ® K r , x , x 0/3 (r^?^ x/t * XxX ) 



~ "lim"Kr 4 , ,-, (gyp^K^fd. 

Hence 



'{((*;0,o/) ; <£,x'-x)> £ |x'-x|} 

£>0 



R P!! ( Lx ®K T , XxX ) ^R P!! ( "hm" K {((x;£),x') ; (£,x'-x>>£|x'-x|,|£|<.r} ) ® ^ A xN" 

e>0,R>0 

For < e < R, we have 

Rfe / K \ f ^ { o<|x'-x|< £ -^} if fc = n. 

V {(M/);(^)>e|^|,|c|<fl}; |o \ik^n. 

Hence we have shown that 

tip,, (h x ® K^xxx) ~ ^xxx\a x [~n] <g> K Ajf [n] ~ K XxX \ Ajf <g> K Ax , 

which proves (2.6). In the morphism of distinguished triangles 

Rpw (L x <S>^f*xxx) *-R-P\\ (Lx) >■ Rpn((Lx <8> % Xx xj 



K X xx\a x <E> K Ajf »- K Ax *- K Ax — 



the left vertical arrow is an isomorphism by (2.6) and the right vertical arrow is an 
isomorphism since 

Rp n (l x <S>IKt*xxx) ^ Rpn (^t*xxx <S> K T *xxx^ ^ IK Ax (g>Rpn(]K T »xxx) ^ K Ax . 
Hence we obtain (2.5). 

(iv) follows immediately from Lemma 2.1.12 and (i). □ 
Proposition 2.1.14. For J G D b (I (Kx)) and S £ D b (I (Ky)), we have an isomorphism 

fiXxY B S) ~ K T » (Xx y) O (/i x ^ IE /iyS) . 

Proof. This follows immediately from Lemma 2.1.4. □ 
2.2. The link with fihom and classical microlocalization. 

Proposition 2.2.1. Let a e T(X,tt x ) and 9 r , S G D b (K x ). 77i en we /iawe an isomor- 
phism 

a' 1 fihomi?, 9) ~ RJCom (V, £ 5 (A X , X x X) o 9 ) , 
where a = q*a — g^ " anc ^ X x X ^ X is £/ie projection (i — 1, 2) . 
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Proof. By definition we have 

(ihomfi, S) ~ vhomi?, 9) A , 

where vham is the specialization of the functor R'Kom (see below), and (-) A is the Fourier- 
Sato transform. Setting 

P' = | ((x; 0, (x; v)) G T*X x TX; ^ J , 

the Fourier-Sato transform is the integral transform with kernel Kp>. Consider the fol- 
lowing commutative diagram 



TX 



7T2 



T*X x TX ^r— 

x 



TX 



7T1 



□ 



T*X 



X. 



Then yhom{3 , 9) ~ ishom(3 9) A ~ Rtth (tt^ 1 ishom(3 9) <g> K P ,). Hence 

a" 1 fihomi?, S) - a-" 1 Rtt v . (tt^ 1 vhom(3 ', 9) <g> K P /) 

~ Rtxict' -1 (vr^ 1 vhom{3, S) <g> Kp#) ~ Rr x , (z//iom(3 r , 9) <g> K P , ) , 

where we have set P' a = o" /_1 (P') = {(x,v) G TX; (a(x),v) ^ 0}. Consider the normal 
deformation of A x in X x X, visualized by the diagram: 




Then uhom(3 r ,S) is by definition s 1 Rj*p 1 R'Kom(q 2 1 3 r ,q[S). Since p is smooth we 
have 

p' 1 R^iomiq^l, q[5) ~ R^om^- 1 ^ 1 ^- 1 ^) ~ RftomO' -1 ^ ^ .TWS)- 
Hence we have 

vhom(3 r , 9) ~ s" 1 Rj* RJfomO'" 1 ^ 1 ^, J" WS) ^ s" 1 R'Kom(p 2 1 3 r , Rj*j~ VVS) 
Since pi is smooth, we have the estimate 

ss^S) n ss K n c (pO^^x) n (t Tax(xxx) x^x u t^x^x) c t^x^x, 

which implies 
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Applying this result we obtain 

vhom(J, S) ~ s~ l R'Kom(pz 1 3,Pi l '~> <S> %) <g> t x 1 uj x 

~ s- 1 Rttomfe-^p^S ® %) ® T^ul- l /XxX , 

and finally 

a" 1 iihom(3, 5) ~ Rr x! (s _1 RJ{om (p^p^S ® %) ® ^ J) XxJf ® 

~ Rp 2! RS! (V 1 RJCom (pa ^P^S ® %) ® T^Ax/XxX ® 

~ Rp 2! (PIKom (pa ^pj^S ® %) <E> K P / R?*Wax/xxx)) ■ 

Note that this intermediate result is obtained by means of classical sheaf theory. However, 
formulas in the derived category of ind-sheaves allow us to continue the calculations. Using 
the properties (1.3 c) of the functor j3 and Proposition 1.1.2, we have 

a' 1 fihomi?, 9) ~ Rp 2l RKomfa^p^S <g> %®/3~(Kp, (^p' 1 Ri*w®;) XxX )) 

~ R'Kom (V, Rp 2 v. (p?S ® Kjy® K P , ®p- 1 /3 XxX (R^a;|^ XxX ))) . 
We have furthermore 

Rp2ii{Pi 1 S ® %<8> K P / ®p- 1 /3 X xx(Ri*^I^ XxX )) 

~ Rg 2!! Rpn (p" 1 ^"^ <g> Kjj® Kjv <8>p _1 /3xxx(Ri*w^/ XxX )) 

^ R?2!! (?i _1 S <g)Rp!!(%®i:p,) <8)/3xxx(R^I^ XxX )) 

^ Rgm (VS <g)Rpi!(%®fp_) (g)/3 XxX (R^a;|^ XxX )) 
~ Rgn, (q^S ® £ 5 (A X , X x X)) ~ £ 5 (A X , X x X) o g. 

□ 

Corollary 2.2.2. Let 5F, 9 e D b (Kx). T/ien we /iave an isomorphism 

Hhom{3 r , 9) ~ RJ{om(7r^ 1 3 r , /x^S) — RIKomf^/ix^, A*xS)- 

Proof. Consider the fundamental 1-form cc>x £ r(T*X, of the cotangent bundle of 

X. Then we have 

/i/iom(9 r , 9) ~ cj^ 1 \ihom{^ x x J, t^x' < S) 
and by Proposition 2.2.1 we get a natural isomorphism 

///iom(3 r , g) = RJ{om(7r x 1 9 r , K T * X ottJ^S) ~ R^om(7r x 1 3 r , ^ x g) 
The last isomorphism is a consequence of Lemma 2.1.3 and Lemma 2.1.2. □ 

Proposition 2.2.3. Let 5F G D b (Kx) and lei Z be a closed submanifold of X. Denote by 

i the closed immersion i: T*X x Z <^-> T*X. 27ien we /iawe a natural isomorphism 

x 

Hz($) - a T * XxZ (i l lJ'x3 r )\T*x) ~R3iom(K T *x x z, Hx?)\t*x- 

X x 

Here Hz{3) denotes the classical functor of Sato's microlocalization 

See [KS2], Chapter IV for definitions and a detailed study for fj,z- We only remark here 
that nz{3) - lihom^KziJ^T'x- 
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Proof. We have by Corollary 2.2.2 

Hz{&) - miom^Kz^xCJ))^ ~RJCom(R2 !! K T « X xz,/ix(^))|T*x 
~ R'Xom(K T *xxz,i l IJ>x(3 : ))\T*x ^ (a T „ XxZ i /jix(3)) \t*x- 





□ 

2.3. Review on the microsupport of ind-sheaves. In this section we shall give a 
short overview on the results of [KS4] on the microsupport of ind-sheaves . 

The microsupport SS(9 r ) of an object 3 G D b (Kx) is a closed involutive cone in the 
cotangent bundle T*X which describes the codirections in which the cohomology of U" 
does not propagate (cf. [KS2], [KS3]). The corresponding notions for ind-sheaves are 
more intricate. 

Let C be an abelian category, and consider the functor 

J: D b (Ind(C)) - D b (C) A given by J -> Hom Db(Ind(c)) ( • , 3). 

Here, D b (C) A is the category of contravariant functors from D b (C) to the category of sets. 
Then it can be shown that J factors through Ind(D b (C)). Note that J is conservative, 
which is a consequence of the commutative diagram 

D b (Ind(C)) -Ind(D b (C)) 

Ind(ef 
Finally assume 

(2.7) C has enough injectives and finite homological dimension. 

Recall that in this case </?: 5F — > S is an isomorphism in Ind(D b (C)) if and only if IH fe (</?) 
is an isomorphism for all k. Then we easily get the following result. 

Lemma 2.3.1. Assume (2.7). Let J e D b (Ind(C)) and let {3^ -> be a filtrant 

inductive system of morphisms in D b (Ind(C)). Then "lim" J(9 r i) J(9 r ) if and only if 

"lim" H fc (5i) H fc (^). 

l fn particular if "lim" J(3 r i ) J(^) the we have "lim" J^™^) J(r< n 3 r ) for all k. 

We shall apply the results above to the case of ind-sheaves, by taking Mod c (IKx) as C. 
For a C°°-manifold X, let 

J x : B h (l(K x )) - (D b (Mod c (K x ))) A 

be the canonical functor. 

Proposition 2.3.2. Let f : X — > F 6e a continuous map. Let {SFj — > SF}^/ 6e a filtrant 
inductive system of morphisms in D b (I(Kx)) and {Sj - ► S}jeJ a filtrant inductive system 
in D b (I(K Y )) swc/z J/ia* 

J x (90 ~ "lim" J x {%) and Jy(S) ~ "lim" J Y (g,). 

Then 
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(i) 

J Y (Rfr?) ~"lim" MRfvfi), 

(ii) For X G D b (I(K x )) ; we have 

J x (0C ®3 ! ) = "lim" J x {% <g> 
iei 



(iii) 
(iv) 



Mf- 1 ® - "lim" Jx{r%) and J x (f5) ~ "lim" Jx(/%) 
jeJ jeJ 

J T *x(Vx?) ^ "lim" 

16/ 



Proof. By Lemma 2.3.1, we can reduce the situation by devissage to usual ind-sheaves, 
where the formulas are obvious. □ 

Definition 2.3.3. (i) Let J G D b (I(K x )). The micro-support of J , denoted SS(9 r ), is 
the closed conic subset of T*X whose complementary is the set of points p G T*X 
such that there exist a conic open neighborhood U of p in T*X, an open neigh- 
borhood W of 7Tx(p) and a small filtrant inductive system {3^}^/ of objects 5Fj G 
D b (Mod c (K x )) such that SS(^) n U = and 

J x (3 <g> K w ) ~ "lim" Ji <g> K w . 
iei 

(ii) For J G D b (I(K x )) ; one sets SS (?) = Supp(/i X 9 r )- 

Remark 2.3.4. The micro-support defined above coincide with the classical definition 
for objects of D b (Kx), it satisfies the triangular inequality (in a distinguished triangle, 
the micro-support of an object is contained in the union of the micro-supports of the two 
others), and we have 

Supp(30 = SS(3 r ) n T X X, SS{a x {$)) C SS(30 for J G D b (I(K x )). 

In general, it is no longer an involutive subset of T*X. 

Proposition 2.3.5. Let J G D b (I(K x )). Then 

SS (9 r ) C SS(3 r ). 

I/JGD b (K x ), then 

SS (T) = SS(3 r ). 

Proof. The result for sheaves is actually an obvious consequence of Corollary 2.2.2 since 

SS(jF) = Supp(/i/iom(9 r , 9 r )) = Supp(R!Kom(/ix9 r , flx^)) — Supp(//x30- 

Now assume that 3 G D b (I(Kx)) and p G" SS SF. Consider a filtrant inductive system 3^ in 
D b (Mod c (K x )) and an open neighborhood W of TTxip), a neighborhood U C ht*x 1 (W) 
of p such that 

J x {3® K w ) ~ "lim" (3^ <g> K w ) 

i 

and SS(9 r i) n Z7 = 0. We have by Proposition 2.3.2 

Jx (fixi? ® K w )) ~ "lim" J x (nxi?i ® K w )), 
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and we get px^lu — since Supp(/ix9 r i) = SS (Fj). □ 
Example 2.3.6. For a closed submanifold Z of X, we have 

SS (K Z ) = SS(K Z ) = T*X and 

SSo(Kz) = T* X X x Z, SS(K Z ) = T*X. 

Lemma 2.3.7. Let Q be an open subset off*X and let 3 G D b (Kn), % G D b (I(Kn)). 
Assume that 5F is cohomologically constructible (see [KS2, Definition 3.4.1]). Assume 
further 

cu x 1 (ss(?))nSu PP (g) = 0, 

where u>x is considered as a map T*X — > T*(T*X). Then we have an isomorphism 

RIKom(^,Kn) <g> (K^og) RJftom^, K n oS) m D b (I(Kn)). 

Proof. By shrinking Q, we may assume from the beginning that cj^ 1 (SS(9 r )) = 0. 
(i) Assume first that 3 G D b (Kn). For p = (x , £ ) G f2, we shall prove that 

RIKom(^, Ko) <g> (K n oS) <g> K p RJJ{om(^, Kn og) <g> K p . 

Since p ^ FJX, we have: 

(2.8) (Kn°3)®K p ~ (K^yoS-'WI^gflWyHog), 

P>0 8>0,e>0 

where 

= 0; k - »o| < p, If - Col < p} 

and 

= {&> (£o, - x) > eflx' - x| + |e' - CI)}- 

Let pi: T*fi x T*f2 — > T*fi be the first projection. For sufficiently small e, 5 and p, 
n^K p fl pi(SS(Kp 4£ )) is contained in a sufficiently small neighborhood of ux(p), and 
hence so is n% l K p fl SS(Ki? ie og). Thus we obtain by assumption 

n x l K p n ss J n ss(K F4ie og) c t^x. 

Then by [KS2, Corollary 6.4.3], we have an isomorphism 

K Kp <g> RJ(om(?, Kn) <g> (K Fee oS) K Kp <g> RIKom( J, Kp^ og) 
in D b (K Q ). Therefore we have 

J n (RKom(3, K n ) ®(K n og) ® K p ^ 

~"lim" ^ (K^ p ® RJCom(3 r , Kn) ® (K^ £ oS) [-n]) 

<5>0,e>0,p>0 



"Jim" Jn (K Kp ® RMom (J, K Fa e og[-n])) 

<5> 

~ Jn (mjfomt?, Kn og) <g> K p ) , 



<5>0,e>0, p>0 



and the lemma is proved when 9 G D b (Kn 
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In the general case, taking a filtrant inductive system Sfc in D b (IKn) such that Jq(S) — 
"lim" Sk- we have 

Jn (R5Com(J, Kn) ®(K n oS)) ~ "lim" J n (R5Com(J, K n ) ® (K n oS fc )) 

k 

~ "lim" J n (Rftom^, tf n o g fc )) ~ J n (Rttom^, K n oS)) , 

k 

which completes the proof. □ 
We prove now in the framework of ind-sheaves a well known result for sheaves. 

Proposition 2.3.8. Let 3" G D b (K x ) and 3 G D b (I(K x )). Assume that J is cohomolog- 
ically constructible. Assume further the non- characteristic condition 

SS(3 r ) nSSo(S) C T* X X. 

Then we have an isomorphism 

R'Kom(3 r ,K x ) ® 3 RJJ{om(3 r , 3). 
Proof. Since o/^ 1 SS(7r^ 1 9 r ) = SSiF, the non-characteristic condition may be rewritten as 

lux 1 ss(tt x 1 ^) n Supp/i X s n f*x = 0, 

and Lemma 2.3.7 assures that 

(tt^ 1 R'Kom(3 r , K x ) <8> AixS) \f*x - ^R'Kom(7r x 1 3 r , K T * X ) <S> A*xS) \f*x 

~ R'J'Kom(7r x 1 3 r , fJ>xS)\f*x- 

Applying the functor THrxn, we obtain 

miomiJ, K x ) ® R'kxw (Hx9\f*x) - RJKom (3=", R7r x!! (//xS|t*x)) • 
Xow, Proposition 2.1.13 gives the following morphism of distinguished triangles where 

3* <g> R7r x!! (/ixS| T » x ) T <g> (K Ax o3) IF <g> 3 +1 » • 



RWom (J, R7r x!! (/ixS| T »x)) ^ Rmom(5F, K Ax oS) Rmom(?, 3) — 

The middle vertical arrow is an isomorphism by the following lemma, and hence the right 
arrow is an isomorphism. □ 

Lemma 2.3.9. Let 3 r G D b (K x ) and 3 G D b (I(K x )). 4 ssume that 3 r «s cohomologically 
constructible. Then we have an isomorphism 

RKom(?,K x ) <g> (K Ax oS) Rmom(J,K Aj oS). 

Proof. Let p^lxl^lbe the fc-th projection (A; = 1, 2). Then we have 

p^RHamfrKx) ®p 2 1 S R'Kom(p^ 1 3 r , p 2 1 S) for any 3 G D b (I(K x )). 
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Hence we have 

RHam(2,K x ) <g> (K Ax oS) ~ Rp VA (pf 1 R^om^, K x ) ^p^S ® K Ax ) 

~ RpiM RJKom^ 1 ?,^^ <g> K A J 

~ Rmom(j, RpiM (p^S ® K Ax )) ^ Rmom(J, K Ax og). 

□ 

Corollary 2.3.10. Assume that i: Z ^ X is a closed immersion and ? G D b (I(K x )) 
satisfies the condition 

SSo(^) HT|X C T£X 

27ien we /iawe an isomorphism 

Proo/. We have i - ^® wz/x - ® ^ X Rftom{K z , K x ) ^ i' 1 R3Kom(K z , 3) ~ i'lF. 

□ 

Lemma 2.3.11. Let f2 C T*X be an open subset and X G D b (I(Ky x n)). Assume that 

SS(X) a n (T*Y x u x (Q)) = 0, 
where a denotes the antipodal map. Then 

(XoK T * x )\ YxQ = 0. 

Proof. We can easily reduce to the case where X G D b (K yxQ ). In this case, let us prove 
that 

(X o K T * X ) ® K p ~ for p G Y x ft. 
We may assume that X, F are affine and p = (yo, Xo] £o)- We have 

K T * x ®K (xo t o) ~ "lim" K^pdimX], 

<5>0,e>0 

where we have set Fg >£ = {5 ^ (^o, ^' — ^) > — ^| + |£' ~~ CI)}- 

Hence it is enough to show that there exists a neighborhood Uofp such that 

(OCoK^J^O 

for < 5 <C £ <C 1. Let p^ be the (i, j)-th projection from FxftxfttoFxftorftxft. 
Then we have 

X o ~ RpwXp^X ® p^ 1 K Fii J. 

For SS(F ( j j£ ) contained in a sufficiently small neighborhood of (u x (p), —u x (p)), SS^p^X® 
P23 ^F Se ) does not intersect T*Y x { — (£ , drr)} x T*ft. Since the map Y x Supp(K Fs J — > 
Fxlx T*X induced by (£o,x) is proper, Proposition 5.4.17 in [KS2] implies that (X o 

K FSie )\u~0. □ 

Proposition 2.3.12. Let X G D b (I(K YxX )) be a kernel and J G D b (I(K x )). Assume 
that 

SS(DC) a n (T*Y x SSo(^) C T*F x T£X 
27ien we /iawe an isomorphism 

X o K Ax oj^lo?. 
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Proof. It is enough to show that X o (Ker(KA x — > Ka x )) ° 3 — 0. 
Let p: Y x T*X — > F x X be the projection. We have 

SSip-'X) C {((*/;??), (x,£;r,0)); ((y; 77), (x; O) G SS(DC)}. 

Hence, 

SS (tt^OC) n (V*F x cj x (SS (?) \ T X X) 

C {((y; V ), (x, £; 0)); ((y; 77), 0) G SS(OC), (s, G SS (2) \ T x x} 
is empty by assumption. Therefore Lemma 2.3.11 assures that 

Supp(p -1 0e o K T * X ) n (F x SS (9 r )) C F x T X X. 
Let pi : F x T*X -> F and p 2 : F x T*X -> T*X be the projections. Then 
p~ x X o <g> K f , x ) ~ p - ^ o K T * X o (/i^^ <g> K f , x ) 

~ Rpi! ((p" 1 ^ o K T * X ) <g> p^ivx? ® ^f*x)) - °- 

This proves the proposition since j9 _1 DC o (/xj s :3 r ® IKj,* x ) ~ DC o R^xi^/ix^ <8> JKf*x) by 
Lemma 1.1.6 (iii), and R7Tx!i (fJ-xJ ® ^r*x) — Ker(KA x — > Ka x ) o 3" by Proposition 
2.1.13 (iii). □ 

2.4. Functorial properties of microlocalization. To study the functorial behavior of 
the functor fix, it is convenient to introduce various transfer kernels. They will be used 
exclusively inside the proofs in order to keep notations as simple as possible. In the sequel, 
we frequently use Lemma 1.1.6 without mentioning it. 

Let / : X — > F be a morphism of manifolds. Let us recall the commutative diagram: 

T*X T*Y x X T*F 

Y 

/ 

X Y. 

We have f^oJx = fZ u Y- Consider the maps 

(T*F x X) x X fdXidx > T*X x X, 
(T*F x X) x F Axidy > T*F x F, 



T *FxX i<W x/ > T*F x F. 



They define morphisms 



r(fixi,fl^, M ) — > r(TTxi,oJ r « ra)xX ), 

v\ F y 

T(T F, n^.y xy ) > T(T F x X, fi[ T .y x x) x y)i 



r(T F, f2 T „y x y) > r(T F x X,Q T * Y xx)- 
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We denote by <Jy^x, ®x^y and <Jx\y the images of the section ax, o~y and ay (defined 
in 2.1.5), respectively. We set 

Ly^x = £a Y ^ x ((T*Y x X) x X, (T*Y x X) x X), 
L X ^ Y = C ax ^ Y ((T*YxX)xY,(T*YxX)xY), 
Lx|y = C ax{Y (T*Y xX,T*Y x X). 
Note that if / = id^: X — > X, then these three kernels coincide and are isomorphic to 

Lemma 2.4.1. Let f:X^Y be a morphism of manifolds. There are natural isomor- 
phisms 

(i) L x ^ R(id T » x X7Tx)!!K T . x , 

(ii) (f d x idx)' 1 L x ^ Ly^x, 

(iii) L x \y ^ (id T *y x/) -1 L y , 

(iv) K T *Y t O y L X \Y ^ L X |y, 

(v) R(/ w x id x )!! Ly^x — > K T * y o R(/ w x id x )n L y< _ x L x iy ; 

T* Y 

(vi) R(/ 7r x id x )!!L y< _ x L X |y «// is smooth, 

(vii) (/ w x idy)" 1 Ly ~ Lx^Y- 

(viii) Moreover, there is a morphism R(idr*y x x x /)h Ly*-x — > Lx^y which is an iso- 

Y 

morphism if f is smooth. 

The results easily follow from the first part of the paper. 

Theorem 2.4.2 (proper direct image). Let /: X ^Y be a morphism of manifolds and 
?GD b (I(K x )). Then 

(i) we have a natural morphism and a natural isomorphism 

Rfnufd-^X? - K T ,y O R/ w „/ d - A*Y (R/-!^) , 

(ii) if f is smooth we get an isomorphism 

Rfnufd'^xf^LlY (R/!!?)- 

Proof. We have fd~ X ^x^ — Ly,_i oj by Lemma 2.4.1 (ii), and a natural morphism by 
Lemma 2.4.1 (v), 

R(f w X id X )iiLy^ X — > K T .y O R(/ ff X id X )nLy^ X -^-> L X |y . 

However (R(/,r x idx)i!^y«-x) - Rfwwfd 1 H>x<F and Lx|y ° — /iy (R/h^F). Hence we 
get natural morphisms 

RAm/cT W - K T «y o R/ w!l / d - Vx? »Y (R/n30 , 
which are isomorphisms if / is smooth by Lemma 2.4.1 (vi). □ 

Proposition 2.4.3 (inverse image). Let f: X — > Y be a morphism of manifolds and 
S e D b (I(K y )). Then 

(i) we have a natural morphism 

/«rV*(/ _1 s) - u~W9, 

which is an isomorphism if f is smooth, 
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(ii) we have a natural morphism 

Proof. We have 

/<TW (/ _1 S) ^ L Y ^ X of- 1 ^ and / w "VyS - Lx^y °S- 

Since Ly^x°7 X S — ^R(idr*yxx x f)\\^Y<-x^ ° S, we deduce a morphism by Lemma 
2.4.1 (viii): 

/,rW (/ _1 S) ^ (R(id T . y? x x/)nLy^) o g — L^yoS ~ /^VyS, 

which is an isomorphism whenever / is smooth. By adjunction we get then the inverse 
image morphism /ix(/ -1 S) — > RfdJ^l^yS- □ 

Theorem 2.4.4 (embedding case). Let f : X <-^> Y be a closed embedding. Then the 
following statements hold: for S G D b (I(Ky)). 

(i) we have a natural morphism 

R/du/ w "Vy(S) —A^Cr'S), 

(ii) if X is non characteristic for S (i-e. SS (S) H TJF C TyY), £/zen £/*e morphism in 
(i) is an isomorphism and SSo(/ _1 S) C fdfn 1 SSo(S)- 

Proof, (i) Consider the following diagrams 

T*X T*F x X and X T*Y x X (T*Y x X) x X — X 

Y y Y 



r 



f 



T*Y x X (T*Y x X) x Y Y. 

Y v y 



We have 

/<T V (/ _1 S) ^ L y _ x o/-^ and / w "VyS - Lx^y °S- 
Since / is a closed immersion, is smooth and we get 

fdfJ>x (/ _1 S) - (Ly^x°/ _1 S) ®U T *YxX/T*X- 
The cotangent bundles being canonically orientable, we have 

ut*yxx/t*x ^ p~W/y[2(dim Y" - dim X)] ~ p^u^Jy, 

where p: T*Y x X — > X is the projection. Hence we get 

y 

Now since /' is a closed immersion, L Y ^x — f ! Lx^y using Proposition 1.3.7, which 
induces a morphism 

Z" 1 Lx^y -> L y ^x ^xx\t^yxX)/yx(t*yxX) - L y^x ®P2 ^x/"y - L ^-* ^iV^y- 

Then the preceding morphism together with the adjunction morphism id — * R/*/' -1 — 
R/h/' -1 provides a morphism 

/ w "VyS - Lx^y oS = R^^Lx^y Bp'^S) ^ Rp'in R/n/ , ~ 1 (Lx_ > y Bp'^S) 

-> Rpi!!(Ly^x BprV^f/y ® Pj7 -1 S) ^ (Ly^X o/^S) ® P^f /" y . 
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Finally we obtain a morphism 

u~Ws - (Ly^x o/-^) ® p- 1 ^ ~ f d -^ x (r's) ® p -1 ^ ^ /dW (r's) , 

and by adjunction the desired morphism 

(ii) Assume now that X is non characteristic for S. By induction we may assume that 
X is a hypersurface in F. For p G T*X, let us show that R/dn/n^Vy^) <8> K p >■ 

Assume first that p G T£X. Since X is non characteristic for g we get 

R/d!!/- VS <g) K p ~ R/ d!! (/"VrS <E> K T * y ) <g> K p ~ R/a, (^yS <g> K T » y )) <g> K p 

~ R/dn (/-'(tt^S <g> K T * y )) ® K p ~ R/ d!! (/d" 1 ^ 1 /"^ ® K T * y?x ) ® K p 
^ vr^ 1 /-^ <g> R/ d!! K T . YxX ® K p ~ tt^ 1 /-^ ® K p 

Y 

-/W^g®^. 
Assume now that p G" T£X. Consider the following diagram 

/: 



T*X x X T*X x Y ■<- L - (T*Y x X) x Y — -£ F 

y p 2 



□ 



Pi 



T*X ■< T*F x X 

Jd y 

Note that 

R/dii/^VrS - (Rm Lx^y) ° S and fixf- 1 ^ - L x of' 1 ^ ~ (R/ 1M L x ) o g. 
Hence we have to prove that 

(Rruhx^Y^Kp) og ~ (R/ 1M L x ®Kp) o g. 

Here we identify p G T*X with (p, f(irx(p))) £ ^*X x F. Take a local coordinate 
system (t, x) = (t, Xi, . . . , x n ) of F such that X is given by t = and denote by (t, x, r, £) 
and (x, £) the associated coordinates on T*Y and T*X, respectively. Set p = (0,£ )- 
Let ((x,r,0, be the coordinates of (T*F x X) x F. Then r((x, r, 0, (f, a;')) = 

((x,0,(t',x')). We have 

Rru L X -> Y <S> K p ~ Rrn ( "lim" K {Tt / +<€o>a ./_ a .) >e (| t i| + | !e i_ a .|) i | r | <R} [dim F] ) ® K p . 

£>0,-R>0 

Since the fiber of {rt' + (£o, x' — x) > e(\t'\ + \x' — x\), |r| < R} over ((x, £), x') is a 
non-empty open interval if R\t'\ + (£ ,x' — x) > s(\t'\ + \x' — x\), and empty otherwise, we 
obtain 

Rrn L x ^y <S> K p ~ ( "lim" ^ fl ^| +<&ja ./_ a .) >e (| t /| + | :e /_ :i .|)}[diniY' - l]j ® K p . 

e>0,R>0 

Therefore 

(Rrn L x _ y ®K P ) o g ~ ( "lim" K {fl | t /| +<&>x /_ a .) >e | a .#_ a .|}[diniX] ® K p ) o g. 

£>0,-R>0 
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On the other hand we have 

(RfmLx <S)Kp) o S ~ (Rf in ("^ , K {{ ^. x>eW . x \ y [^X]) ®K p )og 

£>0 

~ ^_im"IK {(Coi;E /_ ;c)>£ | :r ._ :r | it / = o}[dimX] <g> K p ^ o g. 

£>0 

Hence it is enough to show that 

( "Urn" K {m+ 

(£o,x'-x)>£|x'-x|,0«'} 

®K P ) og ~o. 

£>0,-R>0 

Let us set U £t s t R = {Rt' + (£o,x' — x ) > \x — x\, < t' < 5}. For e, 5 sufficiently small 
and R sufficiently large, SS(K[/ £ s R ) is contained in a sufficiently small neighborhood of 
—Rdt' + (£ , d(x — x')) on a neighborhood of p. Hence we obtain 

SS(K UeSR ) a f]T*(T*X) x SS (g) C T*(T*X)xT£X on a neighborhood of p for R > 0. 
Therefore Proposition 2.3.12 implies 

(K;7 £ s r o Ka^) o g ~ K;y e s R og on a neighborhood of p for i? 3> 0. 
Hence we have reduced the problem to 

( "lim" Ki/ tiM ®Kp)oK Ay ~0. 

£>0,5>0iJ>0 

Consider the projection on the first and third factors 

h: T*X xY xY -> T*X x F i.e. ((ar;f), ^ (0&;O> (V))- 

Then 

( "lim" fl <g> Kp) o K Ay ~ RA|, ( "lim" 4> H ) <g> K p , 

e>0,S>0R>0 s>0,S>0R>0 

where = {Rt' + (£ , x' - x) > e\x'-x\, < t' < 5, \x'-x"\ < 5, \t'-t"\ < 5}. This 

vanishes by the following lemma. □ 

Sublemma 2.4.5. Let (t, t', x, y) = (t, t',xi, . . . , x n , y±, . . . , y n ) be the coordinates ofRx 
R x R n x R n , and let h : R x R x R n x R n -> R x R n be the projection, h(t, t', x, y) = (?, y) . 
Fori eR n \ {0} and 5 > 0, set V 5 = {(t,t',x,y); t + (£ ,x) > \x\, \x - y\ < 5, < t < 
5, \t-t'\ < 5}. Then 

Supp(RA, K Vs ) jt 0. 

Proof. Let us decompose h into I x I x 1" x 1" -^-> IxTxR" IxR", where 
hi(t, t', x, y) = (t', x, y) and h 2 (t', x, y) = (f, y). When \x—y\ < 5, the fiber Vgnh^^t', x, y) 
is {t; max(0, \x\ — (£ , x)) <t< min(5, t' + 5), t' — 5 < t}. Hence, setting 

Ws = {(t', x, y); max(0, \x\ - (£ , x)) < t' — 6 < mm(5, t' + 6), \x — y\ < 5}, 

we have RAu Ky s — ^w s - Since Supp(K^) C {(t',x,y); 5 < t'}, we obtain 

Supp(RA. KyJ C {(t',y);S < t'}. 

□ 
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2.5. Microlocal convolution of kernels. Let X, Y and Z be manifolds, and let Pij be 

the (i,j)-th projection from T*X x T*Y x T*Z. As usual, denote by a: T*X -> T*X the 
antipodal map. Then define the antipodal projection p\ 2 by 

: T*X x T*Y x T*Z T*X x T*F T*X x T*Y. 

For ? G D b (I(K T « XxT ,y)) and S G D b (I(K T , YxT , z )), we set 

In an analogous way, for Si C T*X x T*F and S 2 C T*Y x T*Z, we set 

S l x S 2 = Pi^iSi) n p™ 1 ^) C T*X x T*F x T*Z. 
Now we are ready to state the main theorem: 

Theorem 2.5.1 (Microlocal convolution of kernels). Let X\ G D b (I(Kx x y)) and K 2 G 
D b (I(K yxZ )). 

(i) There is a natural morphism 

(2.9) pLxxyXiO hyxzOCz ^ pixxz(X 1 oX2). 

(ii) Assume the non- characteristic condition 

(2.10) SSo(Ki) x SS (X 2 ) n (T£X x T*F x T* Z Z) C T£X x TyF x TjfZ, 

/• v 

TTien (2.9) is an isomorphism outside 



p 13 (SS (3Ci) x SS (X 2 ) f) T* X xTZY xT*Z). 

T*Y 

Proof, (a) We shall first construct the morphism. Consider the manifolds Xi = X x Y, 
X 2 = Y x Z and X = XixX 2 = XxFxFxZ together with the diagonal embedding 

)): = XxYxZ^X. 
Denote by Z = X x Z, and let qi 3 : y — > Z be the projection. The map 

n^^xT'X given by (x, y, z; £, rj, () i-> (x, y, y, z; f, -77,77, C) 

defines the cartesian square in the following commutative diagram: 

v 



T*y c y x t*x t*x 

x 



□ 



9 y x T*Z,c 



3d 

-T*y 



9137T 

By Proposition 2.1.14, we have an isomorphism 
By Theorem 2.4.4 we have a morphism 

(2.11) Rjdi!j-Vx(3Ci B K 2 ) — A*yO' _1 (3Ci ^ ^2)). 
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Since q±3 is smooth we also have an isomorphism by Theorem 2.4.2 (ii) 

R^ng^yCr 1 ^! B 3C 2 )) Aiz(Rgi3iij _1 (3Ci B 3C 2 )) - ^2(^1 ° 3C 2 ). 
Hence we get a morphism 

(2.12) Rqnp- 1 (k t * x o(// Xl 3d B ^x 2 K 2 )) -> j/ Z (3Ci o DC 2 ). 
Hence we obtain 

/i Xl Xi o /ix 2 X 2 ~ Rqup^inx^! B /ix 2 3C 2 ) 

-> Rgiip-^Kr.x 0(^X1 B ^^2)) -> /^Pd K 2 ). 

(b) By Theorem 2.4.4, (2.11) is an isomorphism under the non-characteristic hypothesis, 
and hence (2.12) is also an isomorphism under the same hypothesis. 
Therefore in order to show (ii), it is enough to show that 

(2.13) ' ' , \ . 
outside pi 3 ( SS (3Ci) x SS (X 2 ) n T*X x T*Y xT*Z). 



a 

X 

First note that 



- (K T * Xl T ° y K T »x 2 ) o (/i Xl ^i B /Ux 2 3C 2 ). 

Consider the diagram 

T*y x T*X 

g'=( ? ,idL^ \»'=(p,id) 




T*Z x T*X T*X x T*X 

Then we have 

Rqup- 1 (K T . x o( f j, Xl X 1 B^OCa)) ^ (R^p' -1 K T * X ) o (// Xl 3Ci B //x 2 K 2 ). 
Using Proposition 1.3.3 and Corollary 1.3.5, we have 

Rtf,*/" 1 Kr-x ~ £ CT (T*y,T*Z x T*X), 
where T*y is embedded into T*Z x T*X by (g,p) and the section a is given by 

a = (u x , wz, -wx, -wy, -wy, -u;^). 
In order to see (2.13) under the non-characteristic hypothesis, it is enough to show that 

K T * Xl K T »x 2 -> C a (T*Z x T*y,T*ZxT*X) is an isomorphism on T*Zx 
(0 14) v t*z ' 

(T*X x f*(Y xY)x T*Z) C T*Z x T*X. 

However it is a consequence of Proposition 1.3.12 (note that (iii) and (v) in the proposition 
fail on T*X x TyY x T*Z). □ 
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2.6. A vanishing theorem for microlocal holomorphic functions. 

Theorem 2.6.1. Let X be a complex manifold of dimension n. Then, fix(Ox)\f*x ^ s 
concentrated in degree —n. 

Proof. We may assume X = C n . Let qi : T*X x X -> T*X and q 2 : T*X xl^Ibe 
the projections. Let p = (#o,£o) G T*X. Then, we have 

Vx(Ox) ® C p ~ C p <g> Rgn, ("lim"(C F ^ ®fc ^x)) [2ra], 

e,<5>0 

where F,5 j£ = { ((x, £), rr') ; 5 ^ (£o, — > — x \}- Hence it is enough to show that 

Rgn(C Fjie Qq^Qx) 

is concentrated in degree n. We have 

Rgn(C Fjie ^Ox)^^) ^RF c ({x' e X;5 > (fax' - Xl ) > e\x' - x 1 \},Q x ) ■ 

The cohomology with compact support of Ox on the difference of two convex open subsets 
is concentrated in degree n. □ 

Now, H~ n ([xx(Qx)\f*x) nas a structure of £x|f *x- m °dule, i.e. there exists a canonical 
ring homomorphism &x\f*x ~^ &nd{H~ n (iix(Ox)\t*x)) ■ 

Indeed, let pk' Xxl^Xbe the k-th projection, and Oxxx '■ = Oxxx ^p^QxP^^x ■ 
We have morphisms RpiKO^xxM ® P^Ox) — > Rpi^OxxxM) — * ^ which induce 
°x'xxN RJCom^Ox^iOx). Thus we obtain 

~ Hhom(Qx, O x ) ~ Rttom(^(Ox),^(Ox)). 

Hence, Theorem 2.6.1 implies that belongs to D b (Mod(£x|t*x, I(Qr*x)))) 

the derived category of the abelian category Mod(£x|fx, I(Qr*x)) °f ind-sheaves ^ on 
T*X endowed with a ring homomorphism £xIt*x ~" ^ £ n <^ This implies the following 
theorem. 

Theorem 2.6.2. Zet X be a complex manifold. Then 3 \— > nhom(3 r , Ox) \f*x ^ s a we ^ 
defined functor from D b (Cx) £o D b (£x|f.x)- 
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